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METEOROLOGICAL 
FACTORS IN RADIO-WAVE 
PROPAGATION 


Report of a Conference held 
in London in April 1946 by 


HE PHYSICAL. SOCIETY 
AND 
THE “ROYAL 
METEOROLOGICAL SOCIETY 


Opening paper by Sir Edward Appleton, G.B.E., 

K.C.B., F.R.S., and twenty papers by other 

contributors. The first comprehensive account 
of this entirely new field of investigation. 


iv+325 pages. 24s. inclusive of postage. 


Orders, with remittances, should be sent to the publishers 
THE PHYSICAL SOCIETY 


1 Lowther Gardens, Prince Consort Road, 
London S.W.7 


mei NDING CASES 
for the 


meOCEE DINGS 


Binding Cases for volume 59 (1947) and 
| previous volumes may be obtained for 
_7s., inclusive of postage. For 12s. the 
}six parts of a volume will be bound in 
' the publishers’ binding case and returned. 


THE PHYSICAL SOCIETY 


| 1 Lowther Gardens, Prince Consort Read, 
London S.W7 


IrHE UNITED IMPERIAL AND AMERICAN 
PATENT SERVICE 
(Patents, Designs, Trade Mark) 
4. E. J. Gheury de Bray, A.M.I.E.E., Registered 
Yatent Agent (London), Chartered Electrical 
ingineer and Fellow of the Physical Society. 
J. Wittal, LL.B., Patent Attorney and Counsellor 
at Law (New York). 
Booklet free on application. 
Preliminary interview free by appointment. 
102 Bishopsgate, E.C.2. 
‘elephone : Clerkenwell 1131 — Chancery 8579 
London Wall 2121. 


Telegraphic | impeRATRIX, CENT, LONDON. 
‘Address J 


CATALOGUES 
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EnV tOAL SS OCTET YZs 


EXHIBITIONS 
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SCIENTIFIC INSTRUMENTS 
AND APPARATUS 


The two post-war Catalogues are widely acknowleged 
as very useful records and valuable books of reference. 


30th (1946) CATALOGUE (reprinted): 
288+1xxx pages; 176 illustrations. 
28.; by post 3s. 
31st (1947) CATALOGUE: 
298+1xxxvi pages; 106 illustrations. 
5s.; by post 68. 


(The two Catalogues together, 8s. inclusive of postage) 


Orders, with remittances, should be sent to 
THE PHYSICAL SOCIETY 


1 Lowther Gardens, Prince Consort Road, 
London S.W.7 


VITREOSIL APPARATUS 


Transparent and translucent VITREOSIL APPARATUS 
is essential for all routine and research laboratories. 
This photograph, of special apparatus made to specifica- 
tion, is a good example of our werkmen’s skill in 
quartz blowing. 


THE THERMAL SYNDICATE LTD. 
Head Office: Wallsend, Northumberland. 
London Office: 12/14, Old Pye Street, S.W.| 
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MATERIALS 
FOR 
INSTRUMENTS 


NIFORMITY and reproducibility of characteristics from batch to 
batch are the essential requirements of materials for instrument 
production. To meet these demands Johnson Matthey products are 
controlled within exceptionally close limits of chemical composition, 
while their fabrication is given equally careful attention in order to ensure 
the closest possible approach to uniformity. 


Coupled with this accuracy of composition and properties are the 
JMC precision methods of producing fine wire, strip and tube, and of 
maintaining close dimensional tolerances on these products. 


Specific information on any or all of the following products will be sent on request : 


73-83 HATTON GARDEN 
Telephone: Holborn 9277 


Platinum: rhodium-platinum 
thermocouples. i 

Pallador thermocouples for use in 
high frequency measuring instru- 
ments. 

Electrical contacts and contact 
materials for instruments. 
Strip in Mallory 73 Beryllium 
Copper and JMC Phosphor 
Bronze for diaphragms and 

instrument springs. 

Bourdon tubing in Mallory 73 
Beryllium Copper and JMC 
Phosphor Bronze. 

Instrument hair spring strip in 
Mallory 73 Beryllium Copper 
and JMC Phosphor Bronze. 


Galvanometer suspension strips. 

Capillary tube for instruments. 

Pointer tube for instruments in 
aluminium and Duralumin. 

Fine resistance wires in nickel- 
chromium and nickel-copper. 

Minalpha constant resistance wire. 


Precision turned parts for instru- 
ments and radio. 


Enamel scales for galvanometers, 
pyrometers and other instru- 
ments. 


Rhodium plating for instrument 
mirrors and as a wear and 
corrosion resistant finish to 
instruments for all types. 


JOHNSON, MATTHEY & CO., LIMITED 


LONDON, E.C.1 
Telegrams : Matthey Smith, London 
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No matter the standard by which you 
measure, there is but one selenium cell 
that meets the most exacting require- 
ments. Its reputation is world-wide. 


Sees ceNe ULM 
Pon On lO mG EaLsLes 


Following a decision of the International Committee of 
Weights and Measures, the Nationa! Physical Laboratory 
will, on and after the Ist January, 1948, express all photo- 
metric values in terms of units based on the new candle. 


EVveAUNGSy eee EG .R-O.SELENIOM el Meleeeae 


Harlow Essex England 


THE 
REVIEW OF SCIENTIFIC INSTRUMENTS 


Gaytorp P. HarnweLL, Editor, University of Pennsylvania, Philadelphia, Pennsylvania 


UBLISHED monthly by the American Institute of Physics, this journal is devoted to 
P scientific instruments, apparatus , and techniques. 


Subscription price $7.00 a year 


Other physics journals published by the American Institute of Physics are: 


Yearly 
Subscription Price 
THE PHYSICAL REVIEW $16.50 


REVIEWS OF MODERN PHYSICS 4,40 
JOURNAL OF THE OPTICAL SOCIETY OF AMERICA 7.70 


THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA 8.80 
AMERICAN JOURNAL OF PHYSICS 5.50 
11.00 


THE JOURNAL OF CHEMICAL PHYSICS 
JOURNAL OF APPLIED PHYSICS 


‘All rates quoted are foreign subscription prices and do not apply t 


9.00 


NOTE: o Canada and the U.S, 


Send orders with remittances to 


American Institute of Physics, 57 East 55 Street, New York 22, New York, U.S.A. 
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PRECISION CONTROLS 


FOR COMMUNICATIONS E€ MEASURING EQUIPMENT. 


“SALFORD. ELECTRICAL INSTRUMENTS _LTI | 
PE EL. VV O UR Ke Ss S.5A..b Fr OR D-- 3 
Phone: BLA, 6088 [6 lines]. Grams + Cables “Sparkless, Matchaster eal | 


Proprietors: THE GENERAL ELECTRIC CO. LTD. England, 
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POINTERS 
FOR 
DESIGNERS 


CATHODE 
RAY TUBES 


The G.E.C. range of electrostatic industrial cathode ray tubes includes 
four screen sizes down to |3” diameter. Widely used in measuring and 
similar instruments, their outstanding features include :— 


Brilliant screen traces and undistorted frequency response over a wide range. 


mA Screens for photographic recording or for producing sustained images, when 
B specially ordered. 


Electrostatic tubes for the maintenance of G.E.C. Television sets 
are also available. Other types will be in production shortly. 


Detailed technical data sheets are available upon request. 


Osram &6.C Osram 


PHOTO CELLS CATHODE RAY TUBES VA EVES 


Advt. of The General Electric Co., Ltd., Magnet House, Kingsway, W.C.2. 
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HN The Glassblower’s Hands 


. . . have a smooth, firm 
delicacy of touch which 
compels cur admiration. 
One deft twistwith the lef 
. . . a simultaneous flick 
with the index and little 
fingers against the thumb 
on the right . . . the 
new Super-hard G. and T. 
Glass-cutting Knife bites 
deep into the glass tube. 
Its swiftness excites us 
to say: ‘Do it again 
more slowly.’’ A gentle 
pull . . . two cleanly cut 


parts. 


Soda glass, Pyrex glass, 
‘ combustion glass, this 


super-hard knife deal 

efficiently with them all 

G [dD ... and turns not an edge! 
RIFFINand LATLOCK Lt in she process aaa 

; Here at fast is a laborator 
Established as Scientific Instrument Makers in 1826 too! that excels the 
German 


vi 


world-famous 


LONDON MANCHESTER GLASGOW EDINBURGH glass-cutting knives fro 
Kemble St., 19, Cheetham Hill Rd., 45, Renfrew St., 7, Teviot Place, Thuringia. Price 14/é 
| 


W.C.2 4 C2 
Leaflet G.T. 1337/31 


BIRMINGHAM: STANDLEY BELCHER & MASON LTD., Church Street, 3 on application. 
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ELECTRICALLY HEATED PRESSURE HEADS 
_> 
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FILM ASSESSORS AND SCANNING MICROSCOPES 


= 


| 


CONTINUOUS FILM RECORDING CAMERAS AND EQUIP- 
MENT FOR CATHODE RAY OSCILLOGRAPRY, ETC. 


wn 


| LAC im 


We undertake the Design, Development 
and Manufacture of any type of Optical 
— Mechanical — Electrical Instrument. 
Including Cameras for special purposes. 


Avimo Limited , Taunton, England + Telephone Taunton 3634 | 


117900 
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SCIENTIFIC 
BOOKS 


Messrs. H. K. LEWIS can supply from stock or to order any book on 
the Physical and Chemical Sciences. 


CONTINENTAL AND AMERICAN works obtained to order 
under Board of Trade licence. 


SECOND-HAND SCIENTIFIC BOOKS. An extensive stock of books in 
all branches of Pure and Applied Science may be seen in this department. 
Large and small collections bought. Back volumes of Scientific Journals. 
Old and rare Scientific Books. Mention Interests when writing. 
140 GOWER STREET. 


SCIENTIFIC LENDING LIBRARY 


Annual subscription from One Guinea. Details of terms and prospectus free on request. 


THE LIBRARY CATALOGUE revised to December 1943, containing a classified index 

of authors and sublects: Demy 8vo, pp. viii-+928. To subscribers I2s 6d. net, to non- 

subscribers 25s. net. postage ed. Supplement 1944 to December 1946. Cemny 8vo, 
pp. viii +176. Tosubscribers 2s. 6d. net, to non-subscribers 5s. net, postage 4d. 


Bi-monthly List of Additions, free on application 


Rae | CHK. LEWIS & Co. Ltd. 


Westcent, London” 136 GOWER STREET, LONDON, W.C.| 


Telephone: EUSton 4282 


THE “SHIRLEY” 
MOISTURE METER 


Originally developed for the rapid determination 
of the moisture regain of cotton, the instrument is now 
javailable for a wide range of materials, including wool, 
\rayon, flax, jute, hemp, etc. 

1 Information concerning Meters suitable for 
testing other materials will be given on request. 


The instrument is both quick and accurate, giving 
| | instantaneous direct readings of Moisture Regain. 
| Worked from A.C. Supply (consumption is only 25 
' watts), the meter is so simple that an unskilled person 


| can obtain correct readings. 


| THE RECORD ELECTRICAL CO. LTD. 
/BROADHEATH ° ALTRINCHAM : CHESHIRE 
’Phone : Altrincham 3221/2 Grams : “ Infusion ’’ Altrincham 


London Office : 28 Victoria Street, Westminster, S.W.!. Phone: Abbey 5148. 
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et the facts... from KODAK 


lf keep scientific and industrial users of 
photography in touch with the latest materials, 
equipment and techniques . . . that is the pur- 
pose of Kodak Data Sheets, prepared by the 
Kodak Research Laboratories. The series, now 
approaching 150 sheets, forms a handy digest of 
technical information on applied photography, 
formulae, sensitive materials and apparatus. 
New developments are covered by the periodical 


A corner of the Kodak Research Laboratories at Harrow. 2ddition of new sheets. 
Kodak scientists are always ready to co-operate with ‘ 
users of photography in solving technical problems. Let us know which branches of photography 


interest you, and relevant Data Sheets, current 
and future, will be sent free. 


eee 
Another Kodak service to users of photography is 

provided by the Kodak School of Industrial and KODAK LTD 
Engineering Radiography—the only training centre 


of its kind in Great Britain. Syllabus on request. KODAK HOUSE, KINGSWAY, LONDON, W.C.2 


UMETA| 


REGO, 


MAGNETIC SCREENS 


The high permeability of MUMETAI 
makes it the outstanding materia} 
for the production of all types o 
Magnetic screens. We are in a pos 
tion to fabricate boxes and shields off 
practically any shape or size for thi 
screening of delicate instruments and | 
equipment from both uni-directionas 
and alternating magnetic fluxes. AN) 

complete range of standard MUMETA il. ! 
shields is available, examples of whic 
are illustrated. Our technical expe 
will be pleased to assist in the solution 
of all screening problems. Your ent 
quiries are invited. 


THE TELEGRAPH CONSTRUCTION & MAINTENANCE CO. LTD. 
Founded 1864 


Head Office : 22 OLD BROAD ST., LONDON, E.C.2. Tel: LONdon Wall 3141 
Enquiries to: TELCON WORKS, GREENWICH, S.E.10. Tel: GREenwich 1040 
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THE BBA IN 


BAI NAIM 


Pal Cua hoo PIEeGl an 
FOR RADIOLOGICAL WORK 


A unique electronic instrument for 
research and routine testing in 
Hospital Radium and X-ray Therapy 
Departments. 


Tt has an input inpedance of 101° ohms 
and an input capacity of less than 
0.5 ppF. Developed primarily for use 
in Radiological work, where small 
condensers of the Sievert type are 
used extensively for the measurement 
of gamma and X-ray intensities. 


Fully descriptive leaflet supplied on 
request. 


BALDWIN INSTRUMENT CO. LTD. 


)LTAGE RANGES | 
| Buio6 London Office: GRAND BUILDINGS, TRAFALGAR SQUARE, W.C.2 
| 0-250 | Telephone: Whitehall 3736 Works: DARTFORD, KENT 
+ A.C. MAINS | 
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j LUCTUATING MAINS SUPPLIES 
» 4+ can interfere with the efficient performance 
of all kinds of electrical apparatus. 


] 
I 
i] 
| 
The answer to this problem is to install the : 
I 
] 
I 
] 
I 


| Berco “ Regavolt”” Regulating Transformer. 
The hand-operated Regavolt is the cheapest 
way of maintaining a constant supply voltage. 
Available in two standard sizes, 3 KVA and 


[6 KVA. Write for leaflet BR3022/3 | Regulating Transformer 
ATHE BRITISH ELECTRIC RESISTANCE CO. LTD., Queensway, Ponders End, Middlesex 


Telegrams : ‘‘Vitrohm, Enfield ” 


i) Telephone: Howard 1492 
BR3022-EHI 
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THERE (5 ALWAYS ONE WHO leads 


S in Nature, so in all fields of 
human endeavour, there are those 
who lead, those who follow, and those 
who fall by the wayside. There is no 
standing still, no resting on laurels 
already won. 
Philips have been manufacturing 


RADIO AND TELEVISION RECEIVERS 


DISCHARGE LAMPS AND LIGHTING EQUIPMENT : 


electrical equipment for over fifty years. 
Ever conscious of the responsibility of 
leadership, they are constantly striving, 
through the medium of research, to add 
still further to the valuable contri- 
bution already made to the develop- 
ment of the electrical industry. 


a TUNGSTEN, FLUORESCENT AND 
INDUSTRIAL ELECTRONIC 


APPARATUS +: HIGH-FREQUENCY HEATING GENERATORS - X-RAY EQUIPMENT 
FOR ALL PURPOSES : ELECTRO-MEDICAL APPARATUS * ARC AND 
RESISTANCE WELDING PLANT AND ELECTRODES + MAGNETIC FILTERS - 


BATTERY CHARGERS AND RECTIFIERS 


PHILIPS 


SOUND AMPLIFYING INSTALLATIONS 


ELECTRICAL 


ati i aay S16) 


CENTURY HOUSE, SHAFTESBURY AVENUE, LONDON, wW.c.2. 


(P.186c) 
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DRAYTON 
hy a! 
Metal 
Bellows 


| ous 
cid 
lel Mast quarts 


| \\\ NANT ees 


i(hese bellows are formed from the initial 
jube in one gradual continuous operation, 
esulting in a uniformity of wall-thick- 
gress unattainable by any other method. 
ihe tough resilient product is tested to 
jnany times the maximum rated working 
yressure during formation. Customers’ 
nd plates can be fitted prior to forming 
fo that the soldered joint is also pressure 
jested. 


For Gland Seals ; Refrigeration 
Control; Thermostatic and 
Pressure Operated Devices, etc. 


p Every Gland uniform in life and performance. 
1D Pretested during forming. 

p Absolutely reliable in operation, 
i — Provision of closed end eliminates one joint, 
toot Diam. 3/8” to 3” Outside Diam. 9/16’ to 4)’ 
Write for the “ Hydroflex ’’ Brochure T. 


— se 


\T DRAYTON == West Drayton 2611. 


TON REGULATOR & INSTRUMENT CO. LTD, 
MIDDX. 


DO YOU 
WANT ° 


\--~" THEN 
CONSULT ThE 


SPECIALISTS 
INSocUCH PROSEEMS 


WESTHGHS BRAKE \ SIGHAL CO. LTD. 


82, YORK WAY, KING’S CROSS, LONDON, N.1 
SEARLS ELEN ENT ALOT RR EE A AR ES 
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A NEW ADDITION TO 
THEIR RANGE OF 
STRESS ANALYSIS 

EQUIPMENT | 


Practical experience coupled with vision are the fundamentals 
behind every achievement in the field of Scientific Research, and nowhere _ 
is it more apparent than in the Stress Analysis Equipment, designed 

and built by Savage and Parsons, and especially in the new unit, here illustrated 

and briefly described. On request, we will be pleased to send you fullest information and our 
Engineers will gladly consult with you on problems relating to the Science of Stress Analysis. 


THE 50-WAY STRAIN GAUGE INDICATOR 


Designed for the reading of 50 static strain gauge 


signals in laboratory strength tests with manual 
switching and balancing, the equipment measures 
the resistance changes occurring in strain gauges 
by means of a null method Wheatstone Bridge 
circuit. The slide wire has a scale graduated in 
% change in resistance and + changes may be 
read directly to within 0:01°4 and detected to 
within 0:001%. An adjustable potentiometer is 
connected between the junction of each gauge and 
dummy pair to obtain a preliminary balance and 
Galvo shunts are provided to obtain a suitable 
sensitivity and to ensure a large out-of-balance 
current shall not be switched through. Bridge output is connected to a 
manually operated rotary switch feeding the strain signals to the galvonometer, 
A mains operated power supply unit provides DC for the bridge circuit and the 
standard output is 200-250, 50 cps., single phase AC with the output 
continuously variable from 0:20V DC at 2°0 amp. 


SAVAGE & PARSONS | 
JSD Con tild My the ddincl of | 
STRESS ANALYSIS 


SAVAGE AND PARSONS LID; 
WATFORD BY-PASS, WATE ORD, HERTS. 
Phone: Watford 6071. Grams: Savage Parsons, Watford. Cables: Savage Parsons, Watford, England, 


= 


| 


| ; : 
of 90 mm. internal diameter and 
operating at 2 kv. Signals are 


| 


jcalibration. The Time Base is 
idesigned for repetitive, triggered, 
lor single stroke operation, and 
{time measurement is provided by 
ha directly calibrated Shift Control. 


THE PROCEEDINGS OF THE PHYSICAL SOCIETY 


COSSOR 


The Model 1035 is a_ general 
purpose Oscillograph, consisting 
of a Double Beam Tube Unit, 
Time Base, Y Deflection Ampli- 


‘fiers and internal Power Supplies. 
{The two traces are presented over 


the full area of a flat screen tube 


normally fed via the Amplifiers, 
with provision for input voltage 


MODEL 1049 


Mndustrial Oscillograph 
Is designed specifically for indus- 
trial use where the main interest 


s in the observation and measure- 


jnent of low frequency phenomena. 
| ts presentation is generally similar 
jo that of Model 1035 illustrated 
lind a comprehensive specification 
i ncludes 4 kv tube operation for 
ransient recording. 


iy 


\‘urther details on application to :— 


xiii 


|b. C. COSSOR LED., INSTRUMENT DEPT., HIGHBURY, LONDON, N.5 
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MEASUREMENT 
BY 


Mullard — 


[LLUSTRATED are four typical measuring | 

instruments manufactured by Mullard. They : 
represent considerable research into the pro- | 
blems of measurement encountered in various 
branches of industry. Each type has been | 
individually designed to cope with such pro- 
blems efficiently, economically and speedily. 


If you have a problem of this 
nature why not send for the illus- | 
trated catalogue MP. 101, describing | 
Mullard Measuring Instruments. 


C= 
(Mullard) 
QZ 


THE MULLARD WIRELESS 
SERVICE CO., LTD. 


\ : (Measuring Apparatus Section) 


CENTURY HOUSE, SHAFTESBURY AVENUE, 
LONDON, W.C.2. 


; 
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... but there's nothing 


more attractive than 


“TICONAL PERMANENT 


REGD. TRADE MARK 


THE MULLARD WIRELESS SERVICE CO. LTD., MAGNET DIVISION, 
CiERNWaULR, Y HOW SEs SHAFTESBURY AVENUE, LONDON, pores 
MT.229C 
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WIDE-RANGE TRANSFORMER: 
TYPES D-106 & D-139 


For Modern Communications Equipment 


iGhean’s 
Betke mg 8.47 
ssc, EME tg BENT 


FREQUENCY CHARACTERISTICS 
Practically linear from the lower audio frequencies to over 100 kc/s. (See representative curves) 


IMPEDANCE RATIOS: Many impedance ratios are available, from 1 : 1 to 500 : 1. 
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The Propagation of Shock Waves in Steel and Lead 
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ABSTRACT. An investigation is made of the stress system set up by an explosive deton— 
ating in contact with a metal surface. An extrapolation from data on the compressibility 
of steel and lead leads to the conclusion that the shock wave set up by the detonation has an 
_ initial velocity in steel which is less, and an initial velocity in lead which is greater, than 
the velocity of plane elastic waves. The time taken by the fastest pulse to penetrate various. 
lengths of steel and of lead has been measured experimentally, and the results confirm that 
the plane elastic waves move more quickly for steel ; while for lead the shock wave before 
damping has a velocity well in excess of that of the elastic waves. 


§1. INTRODUCTION 


HE propagation of shock waves in metals is a subject which appears to have 

been but little studied from a fundamental point of view. The behaviour of 

a shock wave in a metallic medium will depend upon the compressibility of 
the medium, which in turn depends upon the type of deformation which the 
medium experiences. The problem is, then, in general, a very difficult one, but 
} it is possible to obtain useful information by restriction to the simpler types of 
deformation, which permit a simple interpretation. It is clear that the problem | 
} is one with a number of important applications, not least in connection with 
detonation, by which very severe shock waves are set in motion; the movement of 
| the metal tube confining a charge is an obvious example, since it can control the 
rate at which detonation proceeds in the explosive column. 

A series of experiments described below has been carried out with the object 

}, of measuring the velocity of the fastest pulse induced in steel and in lead respectively, 
{ by detonating a charge in contact with the metal. By plotting the time required 
for passage through various thicknesses, the initial velocity of the pulse may be 
j found. A study of the stress system set up by the detonation, together with an 
) extrapolation from data published by Bridgman (1931, 1940) on the compressi- 
“bility of steel and lead, enables a theoretical evaluation to be made of the initia] 
i shock wave velocity in each medium. It is found in the case of steel that this. 
| velocity is rather less than that of the fastest elastic waves; the latter are, in fact, 
recorded in the experiments. On the other hand, for lead, the shock wave velocity 
is greater than the velocity of the elastic waves, and corresponds to the velocity 
measured. Due to the damping of this shock wave it finally reduces to an elastic 
wave, and the corresponding velocity of propagation is indeed measured for the 
greatest thicknesses of lead used. 
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§2. THE VELOCITIES OF WAVES IN METALS 


Before proceeding, it may be of use to recall the nature of the different wave 
velocities which may be measured in metals. 

For elastic disturbances in which the displacement is wholly in the direction of 
propagation of the waves, the waves are said to be “plane”’, and the velocity is 


. = (1- 4 

V.= ; 

py) 

where K is the bulk modulus of compression, p the density, and v is Poisson’s ratio. 
This is also the general ‘velocity of sound” for waves of dilation, involving 
neither shear nor rotation, and is not be to confused with the “ velocity of sound”’ 
in experiments on rods, in which lateral displacement is freely allowed, and in 
which, on the assumption that a purely longitudinal stress may be propagated 
along a rod without accompanying transverse stresses, the velocity of sound is 
V,=~/(E/p), where E is Young’s modulus. The velocity V, and the velocity of 
transverse waves V,=4/(G/p), where G is the modulus of rigidity, are not relevant 
to the problems under discussion in the present work, in which the conditions are 
such that we avoid the necessity of considering the transverse displacements 
(see § 3). 

When the stress is at the yield point of the medium, “ plastic waves” similar 
in nature to the plane waves, are propagated with velocity Vz=4/(K/p). Since 
Poisson’s ratio cannot exceed 4, a result which is deducible from the relations 
between the elastic constants (see Southwell 1941), it follows at once that V,<V,, 
and we may say that for all metals the plastic waves are initially slower than the 
plane elastic waves. However, for high amplitudes of pressure in the applied 
pulse, the plastic waves are capable of achieving very high velocities, if, as strain 
increases, the rate of change of stress with strain also increases; in other words, 
if the effective modulus of compression increases with strain. The higher stresses 
are propagated with ever increasing velocities, and so lead to a shock wave, whose 
velocity eventually exceeds the velocity of the elastic waves. 

The waves considered above (other than shock waves) have been calculated to 
have velocities given (approximately) in table 1. 


given by 


Table 1 
us p V; Vy V; V, 
i (gms./c.c.) ” (metres/ (metres/sec.) | (metres/| (metres/ 
(dynes/cm?) sec.) sec.) sec.) 
Tron Onole al Ome 7°8 0.28 5950 | 5000-5500 3200 4600 
Lead | 2:20x10-% | 11-4 0-45 | 2150 | 1200 700 | 2000 
1 


ee eee 

The difference between the velocity of plane elastic waves and of elastic waves 
in rods is clearly seen in the above table, particularly for lead, and is due to the large 
value of Poisson’s ratio. for this metal. For average values of v (say v=0-3) the 
difference between V, and V, is not sufficiently marked to make the velocities 
experimentally distinguishable. 
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§3. THE STRESS SYSTEM 


When an impulsive force such as an explosion occurs over a surface, the 
condition immediately beneath the surface is virtually one in which lateral strain is 
absent. This is because it is possible to choose a small thickness of the block such 
that the time in which the pulse from the explosion traverses this thickness is not 
sufficient to allow the lateral displacement which is necessary to produce lateral 
strain to take place across the much greater area of the impulse. ‘The limiting 
depth for which the condition of no lateral strain may be assumed depends, 
therefore, upon the area over which the explosion occurs; and we see that we may 
make this assumption for a block of which the thickness is small compared with the 
area of the explosion. Also, if, as in our experiments, the explosion occurs over 
an area which is less than the whole area of block surface, the consideration above 
assures that there will be no interference near the axis from waves which have been 
reflected from the lateral boundary of the block. Under these conditions the 
principal axes of strain are along the axis of the block and in the plane normal to it. 
Denoting the principal strains by €,, €5, «3, and the corresponding principal stresses 
by 0}, 3, 03, the suffix unity referring to the axial component, we have €y en == 0) 
0, =03, and o, =p, the uniform pressure. ‘The components a5, oy are set up asa 
direct result of the effective prevention of lateral strain by inertia, in contrast with 
the case of a thin bar under compression, where these components vanish on 
account of the freedom for expansion. 

R. von Mises has given a condition for the onset of plastic flow (see, for 
example, Nadai 1931), viz. :— 


(1 — 09)? + (02 — 03)? + (03-0)? =2Y?, 


where Y is the yield stress in simple tension. 

The left hand side of this expression is proportional to the elastic energy per 
unit volume used in changing the shape, i.e. the potential energy of distortion, 
as opposed to that causing volume change under elastic strains. The condition 
therefore states that plastic flow begins when the potential energy of distortion 
reaches a limiting value, and that this energy remains constant during the plastic 
flow. 

Putting o,=03, we see that for the conditions under discussion, the equation 


reduces to 
[Gq — Ge | =L ye 

The volume change in the metal is due to that part of the stress system which 
corresponds to a hydrostatic pressure o equal to the mean of the applied stresses, 
ie. c=4(0,+0,+03)=0,—3Y; it is clear that if the pressure applied is so large 
that Y may be neglected in comparison, the change of density may be put equal to 
that due to a hydrostatic compression of magnitude equal to the applied pressure. 
Shear distortion and plastic flow do not contribute to this effect. 

Let the volume of the metal under applied pressure p, be changed from V, to V, 
the decrement being denoted by —AV. 

Let us also write 


paad exp(pY 9X") it /(T)” NG (1) 


\ 
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This tentative law is suggested by quantum mechanical considerations, since it 
requires the pressure to increase exponentially with the change in the inter- 
atomic distance, and has been constructed so that V=V,. when p=0, and V0 
as p->00. «, B are two parameters, by means of which an extrapolation to high 
pressures can be made from the results determined in experiments on volume 
changes due to hydrostatic compression at lower pressures. ‘The extrapolation 
involved is from 30000 atmospheres for steel, 12000 atmospheres for lead to 
(approx.) 280000 atmospheres at the surface of a target. 

To determine the values of «, 8 we expand (1), substituting a power series in 
p for -AV/V,. ‘To the second degree in p we obtain :-— 


AV 3 3 
— = sgh sage P+ OP tee (2) 


This may be compared with the empirical formulae deduced by Bridgman from 
experimental results on many different metals, and written in the form 


In what follows, the variability of A, B with temperature is not taken into account. 
For tron (Bridgman 1940), we use A =5-94 x 10-18, B=0-60 x 10-74 expressed 
in c.g.s. units. ‘These figures lead to the values 


a= 120-16 x 10!°dynes/sq.cm., B=4-203. 


For lead (Bridgman 1931), we use A=24:50x10-3, B=18-16~x 10-24 
expressed in c.g.s. units. from which we obtain 


a= 10-08 x 10% dynes/sq.cm., §=12-152. 


It may be remarked in passing that the values A, B used above lead to values of the 
thermal expansion coefficient which are in good agreement with those predicted 
theoretically by Mott and Jones (1936); the original value of B for iron, quoted by 
Bridgman (1931), appeared to be too large, and has, in fact, been corrected to that 
used in the above calculations, as the result of experiments at higher pressures 
than had previously been attainable (see Bridgman 1940). 


§4. THE SHOCK-WAVE VELOCITY 


We now calculate the velocity at which a shock wave advances into a metal, 
using the relationship between pressure and density which we have already postu- 
lated in equation (1). 

Suppose the shock wave moves with a velocity U into a metal at rest. Let 
the velocity of the metal after passage of the wave be u in the same direction, and 
let its density be changed from py to p. Let the pressure jump be p. 

Then the equation of continuity is 


AU —t) =p, (3) 

and the momentum equation is _ p=—p,Uu, |) ee eee (4) 

from which we obtain pet, pees y= Ee! eee (5) 
My. (Pe 


Equation (1) supplies the necessary additional information to correlate the density 
change with the pressure. 
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Corresponding to a given pressure py in the detonation wave front, there will be 
a pressure p at the surface of the target, determined by the necessity for the pressure 
and mass-velocity of the metal to be equal to the pressure and mass-velocity in the 
explosion gases, after the propagation, from the interface, of a shock wave forwards 
into the metal, and backwards into the gases. The gas relationships for various 
high explosives have been worked out by Dr. H. Jones, and are shortly to be 
published. Dr. A. F. Devonshire kindly supplied us with tables based upon the 
relationships for the explosive used in our experiments; by assuming a pressure 
in the detonation wave front of 17 x 10! dynes/sq.cm., i.e. 1100 tons/sq.in., we 
were able to deduce that :— 


at the surface of a steel target, p = 28-3 x 101° dynes/sq. cm. 
at the surface of a lead target, p =27-1 x 101° dynes/sq. cm. 


From these we obtain: 


for steel U=5240 m./sec. and u=690 m./sec. ; 
for lead U=3020m./sec. and «=790 m./sec. 


These examples are interesting since they indicate two distinct possibilities. 
The velocity of the shock wave in steel is seen to be less than the velocity of the 
plane elastic waves, which therefore travel in advance of the shock wave; in lead, 
however, the shock wave has an initial velocity well in excess of the velocity of the 
elastic waves, and is therefore the fastest pulse in this metal. 


§5. EXPERIMENTAL METHODS 


To examine experimentally the velocities_of the fastest pulses, charges of 
explosive were detonated in contact with bars of steel and of lead. We see from 
what has been written above (§2 and §4), that steel and lead may be expected to 
provide excellent examples of two different phenomena. For steel the initial 
shock wave velocity has been calculated to be less than that of the fastest elastic 
waves, while for lead it was found to move at almost 14 times the velocity of these 
plane waves, under the pressures set up by the explosive. 

The charges used were made up of 45 gm. explosive, confined in copper tubing 
1/10 in. wall thickness and 1}in. internal diameter. The front of each charge was 
flat and unconfined, the rear being in the form of an 80° cone tamped with 15g. 
plasticene and initiated by a No. 8 Briska detonator. ‘The targets were 3in. in 
diameter, and were of various lengths. ‘The steel was cut from a bar of about 
0:3% carbon and about 35tons/sq.in. ultimate stress. ‘The lead bars were 
carefully cast and then cut to the required lengths. 

A diagram of the arrangement employed for the velocity measurements is 
given in figure 1. The front of the charge is in contact and central with one face of 
thetarget. Central withthe other face is a 3/16 in. polished steel ball soldered to 
the end of ascrew which passes through a wooden support. ‘The screw was turned 
until electrical contact was just not made between the ball and the target. ‘This 
meant an air gap of a fraction of a thousandth of an inch between ball and face. 

Through the copper tubing and near to the front of the charge is a hole about 
0-1in. diameter. In very close proximity to and central with this hole is an 
ionization head which consists merely of two enamelled copper wires 26 S.W.G. 
running side by side, separated from each other by their insulation, but with their 
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ends bare. ‘Thus, when the ionized gases reach the hole in the tube, the “head” 
passes a current, and in this way, subject to an error to be discussed later, we are 
able to record the arrival of the detonation wave at the face of the target. A pulse 
of compression is propagated through the target, setting the metal in motion as it 
progresses. ‘The approximate instant it reaches the rear of the target is recorded by 
the movement of the rear face, making contact with the steel ball. 

The apparatus used to register the time difference between head and ball events 
was a Baird microsecond chronometer. 


§6. ERRORS INVOLVED IN THE EXPERIMENTS: 
CORRECTIONS APPLIED 


(i) The input circuits of the contour were first adjusted to trip at the same 
amplitude (6 v.) of voltage pulse. To overcome tripping instability caused by the 
long leads to the bomb chamber, a voltage of 66 v. was applied, attenuated by a 
10:1 (5000, 500-© resistors) potentiometer. Low capacity and widely spaced 
event leads diminished distortion and lag of the pulses (see figure 1). 
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Stop Start 
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Figure 1. 


(ii) The difference of pulse delays in the two leads was measured by trans- 
mitting the same pulse down both leads and measuring the delay between their 
arrivals at the other ends. ‘This time interval was of the order of 0-1 sec., the 
“‘stop”’ event lead being the quicker, implying that time readings with these leads 
were ():1 wsec. too low. 

(iii) ‘The delay between the impact of detonation wave on the steel surface and 
the emergence of ionized gases through the hole on the periphery of the charge 
(normal start event) was determined by placing another ionization detector at the 
end of the charge (see figure 1). The delay between the two detectors was 
0:4 1sec. which added to (ii) gave a total error of 0-5 usec. 

(iv) ‘The time-lag involved in the ball event at the end of the metal specimen 
(figure 1) is determined mainly by the distance between this surface and the ball. 
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‘This lag was determined experimentally by finding the delay between two balls at 
different known distances from the back surface. It was concluded that the maxi- 
mum error derivable from this source is not greater than 10~’sec. 

These errors were taken into account and it is considered that the values of the 
times obtained are correct to +1%. 

After making the corrections outlined above, the times of propagation of the 
fastest pulse in various lengths of lead and of steel have been plotted against the 
lengths. The gradient of a curve at a given length measures the velocity of the 
fastest pulse at an equal distance from the surface of the target (figures 2 and 3). 
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Figure 2. Figute 3. 


S7. sDISCUSSION, OF RESULTS 


The experimental values obtained for the times for the fastest wave to traverse 
the bars of differing lengths are plotted in figures 2 and3. Figure 2 gives the graph 
for steel, and it is seen from the experimental curve that there is no appreciable 
decay in velocity for lengths up to at least 12in. Since the theoretical value of the 
shock wave velocity is below that given by V, (the general velocity of elastic waves), 
the theoretical curve has been drawn with gradient corresponding to V,;. The 
agreement with the experimental curve is very good, so that there can be little 
doubt that the velocity measured is that of the elastic waves, V;. 

A different picture is presented for the bars of lead. In figure 3 the curve 
through the experimental points has a pronounced curvature near the origin, 
becoming straight as the thickness of the bar is increased. The shock wave 
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velocity, determined theoretically is approximately 3000 m./sec., well in excess of 
the velocity of elastic waves. A dashed line through the origin represents the 
gradient associated with the former velocity, and it is seen to lie along the experi- 
mental curve at the origin. Since, by extrapolation of the curve to zero length of 
bar, we obtain the undamped velocity of the shock wave, we should, in fact, expect 
the value at the origin to correspond to that calculated. For the longest bars of 
lead used, the gradient of the experimental curve leads to a velocity in close agree- 
ment with that of plane elastic waves, viz. 2100 m./sec. 

We conclude then, that the pressure set up by the detonation in steel is not 
sufficient to propagate a shock wave at a velocity greater than that of elastic waves ; 
in lead the shock wave is propagated much faster than elastic waves but damping 
occurs very rapidly with increasing length of bar, the velocity finally being that of 
elastic waves. It is to be emphasized that this ultimate velocity in lead is V,, 
the general velocity of elastic waves, and not V,=,/(E/p), the velocity of elastic 
waves associated with thin rods. 
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ABSTRACT. It is shown that, assuming free electrons alone to be responsible for the 
mechanism of metallic reflection, there is a wavelength at which the temperature variation 
of reflectivity is zero. Since this wavelength is directly proportional to the time of relax- 
ation of the electrons it is to be concluded. that it varies with the temperature. The effect 
of the bound electrons is also considered. 


§1. INTRODUCTION 


N a recent communication (1947) it was pointed out by Price that the 
temperature variation of the emissivities of several metals is such as to suggest 
critical wavelengths, specific to each metal, for which the temperature 
coefficient of emissivity is zero. These wavelengths were called X-points. 
Several explanations were advanced but it would appear to the present writer 
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that these X-points can be predicted if dealt with from the point of view of reflec- 


tivity, and that, as a result of such an investigation, Price’s conclusions would have 
to be scrutinized more closely. 


SZ DEE ORY 
. (a) Free electrons 
While the temperature coefficient of emissivity is defined by 
tp dk 
Pegg a). 8  keacees (1) 
it is desirable to consider the gradient dE/dT only, because this is simply related 


to the corresponding reflectivity gradient by the expression 


dE dR : 
te ae (2) 


Obviously 6 will be zero when dE/dT is zero, and, therefore, it will be in order to 
consider the wavelength at which dR/dT is zero: this, then, will be an X-point. 

Electro-magnetic theory leads to the following expressions connecting the 
reflectivity R, the refractive index n, the extinction coefficient k, the conductivity o, 
and the dielectric constant « with the frequency of the radiation v: 


nk=—, Ween (3) 

1 = RO 6 oe ae ee ee gene (4) 
4n 

R=1- (Ra omy eC Setar (5) 


It is assumed that the permeability of the metal to which these expressions 
apply is equal to unity. 
On differentiating (5) with respect to the temperature 7’, we obtain 


ie dn o dk 
gra Dee Dar sap) ie 
where D=(n+1)? +R. 


Multiplying and dividing the above expression by n: 


dR 4 dn dk 
or = apa (e—D na + 2? aI: siavenel ie (7) 


The following should be borne in mind in the continuation of the calculation. 
According to Price, the region connected with the X-point is a transition region, 
i.e. it cannot be assumed that the wavelength under consideration is either “ very 
long” or “‘very short”. ‘It is, therefore, imperative not to carry out any premature 
approximations, however complicated the calculation may become. ‘The treat- 
ment below is based on the assumption that only free electrons are involved in the 
process of reflection: the effect of the bound electrons is to be considered later. 

It has been shown by Zener (1933) that the equations (3) and (4) can be made 
to account for experimental results in the infra-red and visible parts of the spectrum, 
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if,in addition to the direct-current conductivity a9, the time of relaxation 7 is taken 
into consideration. He obtained these expressions: 


47Ne? . 
—R2=e=1-— ee eee 8 
k2?=ce=1 m . ww? + 1/7?’ ( ) 
a(v) 47Ne? wif if 9 
2nk=2 ner sre (9) 
Opi 
Here T= Ne?’ 


where N is the number of free electrons per c.c., and e and m represent the 

electronic charge and mass respectively. o(v) is the conductivity corresponding 

to the frequency v(=w/27). It will simplify the presentation of the formulae if we 
1 d 4nNe? _ 


ut = an 
p = 5 aR 


From (3) and (4) it follows 


5 ) 
ont +e, 


ae aie (10) 
tr ee | | 
2R*= vj é aie aor Yet 2 : 
Substituting (8) and (9) in (10) 
e a? —2aw? De Bend 
2 fi Se wane = (11) 
Assuming that N and thus a are constants, 
dn z= 2w?—a 1 | av, dv, | 
ie a? — 2aw? : (w+ v7)? ° dT 
ey ee : 
w?(w + v,) | 
and PP werecee (12) 
k dk us 2w? —a 1 av, dv, | 
dT tots /i @—lan (e+)? dT- | 
= ww = v?) 5 


Substituting (8), (11), and (12) in (7), and considering only the expression which 
can make dR/dT equal to zero, then, if \/ represents the square root in (12), 


dR a 2w2—a DiGi 
| (—are) aan? +L atv [Gene |p 


At the X-point, 


20°— a a 2w?—a 
1-—-— > SS ee ms — 
[ ate meal : aral ory ‘its 


A simple transformation leads to 


[ee aoe 2a 2w2—a 1 
wtp ° te any ae. tA MCAS GOO (14); 
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Writing w? =x, v,2=y, (2w?—a)/(w? + v,2) =2, and squaring (14) 


dE et ey 
(Qxtay (Qxta)' x’ 
4ax —" — 432+ a =0, 
3 a2 2 
Cre we Oi (15) 


When solved, this equation gives rise to a complicated expression. But a 
few interesting results can be obtained without solving it. 

By differentiating (15) with respect to x it is found that a maximum and a 
minimum occur at imaginary points. Further, when «= — oo the above expres- 
sion is equal to — 00; when x=0, the expression equals — a*y/4; and when «= 00 
the expression is equal to + oo. It follows that the above function cuts the x-axis 
only at one point, giving a positive value for x. Since x represents the square of w, 
and the negative value of w= + 1/x is rejected, it is seen that there is only one such 
X-point due to the free electrons. 

An inspection of (13) indicates that when w is very small as compared with v, 
and a, dR/dT will have a negative sign, as would be expected from the Hagen- 
Rubens relation. 

It follows from (12) that the X-point is a relaxation phenomenon since (15) 
will be true also for dR/dv=0. 

On substituting numerical values it is found that the first two terms are 
negligible as compared with the latter two (15). Then, since 


A/V sv, =1/r=Zrejn, 
Nea 20e: neal) 
This is in disagreement with figure 2a of Price’s paper: there it would appear 
that A,, was smaller than A,.. Moreover, since A, is a function of the temperature, 
\,, must be one likewise. The temperature coefficient of A, is given by that 
of the conductivity (Mott and Jones 1936). Therefore X,, will be a constant for 
large temperature ranges only if that coefficient is negligibly small. 

It will be clear from figure 1 how Price arrived at the belief that there existed an 
X-point whose value would be independent of the temperature. ‘T’he group of 
curves gives a picture of the above analysis. In his work Price obtained the 
X-point by averaging emissivity measurements at high and reflectivity measure- 
ments at low temperatures respectively. From figure | it is seen that the reflec- 
tivity curves for different temperatures 7, and 7, cut each other at one point, but 
those for 7, and 7, do so at another, etc. It is significant that Hurst (1933) and 
Reid (1941), who both obtained X-points in connection with nickel, should obtain 
different values for this point which is supposedly characteristic of each metal, 
the difference being explicable in terms of the different temperature ranges in 
which the two workers carried out their experiments. It is only fair to admit the 
above theory has not tallied with all the available experimental results but to this 
point we shall return below. However, in spite of the scantiness of the data, it 
appears that bad conductors exhibit shorter wavelengths 4,, than good ones as 
would be expected on the basis of (16). 
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Theoretically speaking, the measurement of the reflectivity or emissivity, in a 
direction perpendicular to the surface in question, at different temperatures, and 
in this transition region, can provide values for 7 and a (=4n Ne?/m), which have, 
so far, been obtainable from catoptric measurements only. It should be pointed 
out that it is unlikely that the accuracy of an experimental arrangement based on 
this principle could emulate that of a catoptric method. 

(b) Bound electrons 

Owing to the larger number of variables in the case of bound electrons it does 

not seem possible to make any reasonable predictions about the temperature effect. 


i Is is 1, 


ube x \> 


Figure 1. 


"These variables are: the wavelength A, of the absorption band, the band-width 1’, 
as defined by Wood (1936), and the number of the bound electrons taking part in 
the vibration. As might be expected the (highly complex) expression shows that 
R will be affected differently according as the wavelength A is greater or less than 
Ay. Not even far-reaching approximations yield any more detailed information. 

In this connection it is doubtful whether figure 3 of Price’s paper is justifiable. 
While the absorption curves for T, and T, very likely cut each other as indicated 
there, it is difficult to see why the interpolated curve should cut them in the same 
point. Sélincourt’s results for silver (1925) show a region of small temperature 
variation, but it is found to be on the short-wave side of the absorption band. 
The presence of bound electrons with a natural wavelength A, in the neighbour- 
hood of X,, as due to free electrons only, will modify the value of the latter. 


§3. CONCLUSION 


We doubt whether an X-point as previously defined has any theoretical 
significance; until a more satisfactory theory is propounded it is to be assumed 


The variation with temperature of metallic reflectivity 1% 


that, whenever it occurs over a large range of temperatures, it is due to a fortuitous 
combination of the effects of free and bound electrons. However, while A, as 
defined in the present paper depends on the temperature, its possible significance 
in connection with optical pyrometry should not be overlooked, and will be dealt 
with on another occasion. 
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ABSTRACT. An estimate is made for several insulators of the energies of the highest 
filled energy band and of the empty conduction band. For BaO, SrO, CaO, MgO and 
BeO, the bottom of the conduction band is near the zero level. It is considerably lower 
in AgBr, ZnO and ZnS. The bearing of the results on thermionic emission, secondary 
emission and photoconductivity is briefly discussed, with special reference to BaO and 


SyO). 


§1.. WORK FUNCTIONS AND ENERGY LEVELS OF INSULATORS 


ALCULATIONS concerning the position of the conduction band and of energy 

levels which determine the ultra-violet absorption bands were made by 

Mott (1938) for the case of some of the alkali halides. In these calculations 

it was necessary to use estimates of polarisation energies as made in a previous 
paper (Mott and Littleton 1938). The theory is also discussed in Electronic 
Processes in Ionic Crystals (Mott and Gurney 1940) to which frequent reference 
willbe made. Inthe present paper considerations of this type are used to estimate 
the probable maximum value of the work function for electron insertion for some 
silver halides and divalent oxides. Here it is necessary to consider band widths 


and the effect of the selection rules. 
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§2. METHOD FOR ALKALI HALIDES 

We first outline Mott’s procedure in the case of the alkali halides. 

The potential energy of an electron at a great distance from the crystal is 
indicated by the zero level O in figure 1. Ais the bottom of the-conduction band, 
so that -- y is the work necessary to introduce an extra electron into the crystal, 
placing it on a positive ion. C is the top of the first fully occupied band, ¢ is 
therefore the work to extract an electron from this band, which is usually associated 
with the negative ion. B is the first excited level corresponding to the formation 
of an exciton when an electron is removed from the full band, but remains in the 
field of the positive hole. If an electron is removed from this field the case 
corresponds with ionisation, the electron enters the conduction band, and the 
necessary energy is$—y. This energy should correspond with hy, where », is the 
frequency at the series limit of the absorption bands. The energy @ corresponds 
with hy, where v, is the frequency of the longest wavelength absorption band. 
In this treatment the width of the energy level bands was neglected, so that 
forbidden transitions were not considered. 

The procedure was to suppose that an ion is removed from the crystal, is 
converted to an atom, and the atom is replaced. This either adds an electron to a 
positive ion or removes one from a negative ion. The method is fully discussed in 
Mott and Gurney (1940), pages 71, 80 and 97. 

The results are 


—y=Wypsl+ogtp, lay pe Pewee Pee (1) 

p=Wyt+E+@, =~  ——  * —swenes (2) 
e? ; 

B= (a4) Balt Oy aP a aeene (3) 


Here W,, is the lattice energy per ion pair=«e?/r—R, 

x is the Madelung constant for the crystal, 7 the interionic distance, e the 
electronic charge and R the energy of repulsion between an ion and its 
six nearest neighbours. 

I is the ionisation potential of the alkali atom. 

E is the electron affinity of the halogen atom. 

‘The terms w, w, and w, are polarisation energies, which will be discussed below. 
p isa term to allow for the fact that energy is required to insert an atom in the lattice 
compared with the smaller positive ion which was extracted. Such a term is 
omitted in (2) since an atom replaces a larger negative ion. In (3), p’ will be 
similar to p, but not identical with it, since in the case (3) of electron transfer, a 
neighbouring ion has been converted to an atom. 

In these equations all the terms can be calculated except p and p’. For the 
alkali halides, experimental values are available for hv,;=@ and for hy,=¢—y. 
Taking experimental values of (f — x) and calculated values of 6, Mott and Gurney 
(p. 97) deduced values of xy. ‘They also showed that the calculated values of (0 — p’) 
were about 2 ev. greater than the observed values of hv, (see page 99 of this book). 

The lattice energy W;, should, however, be used in all three cycles, whereas 
Mott employed it only in the first two cases. Use of the energy W,,=«e?/r—R 
in the third cycle would give 

0=(2a—l)e4/7v—2R+E-I+a,+p. 4.2... (+) 
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Then in all cases the value of (9—p’) would be in good agreement with the 
observed values of hy,, indicating that p’ is nearly zero. 

It is not, however, important to discuss values of p’ since the calculation of @ by 
equations (3) or (4) is not satisfactory. In the excited state the electron which is 
removed from the full band is not localised on any particular neighbouring ion. 
Thus the agreement with experiment is probably fortuitous, and calculations of 4 
will not be relied upon as an essential part of our later argument. It is perhaps 
preferable to regard the excited electron in the field of the positive hole as a 
hydrogen-like system in a medium of dielectric constant Ky. Compared with the 
hydrogen case, force between charges is then multiplied by 1/Ky, and energy 
separations are multiplied by 1/K,?. ‘Thus if the separation (hv, —hy,) is known 


Distribution of levels 
in energy bands 


Zerolevel O 


Crystal Vacuum 


Figure 1. Energy levels in Figure 2. Energy levels in insulator including 
insulator. band width. 


A is the bottom of the empty band. 
B is the first excitation level. 
C is the top of the upper fully occupied band. 


for one crystal, it can be estimated for others of known K, since it is proportional 
to 1/K,2. Ky is here the dielectric constant at infra-red frequencies. 


=] 


$3. ENERGY OF POLARISATION 


The dipole formed by the electron transfer from negative ion to positive in 
process (3) polarises the surrounding medium, with an energy given by de Boer 


(1935) as 
e2 
CU = = e)3 7! (a, +a), 


where «, and a, are the polarisabilities of the ions. 

When an electronic charge is added or subtracted at a lattice site, the surround- 
ing medium is polarised, and the induced dipoles produce a potential V at the site in 
question. ‘The energy of this polarisation is then — 3(e V). Mott and Littleton 
(1938) gave methods for calculating w and w,, which are also described in Mott 
and Gurney (1940) pages 58 and 59. Our procedure has been to use Mott's 
approximation of the first order, and to calculate the potentials when an electron is 
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added at a positive ion site, w., or subtracted at a negative ion site, w. Inall cases 
the estimation of «, and a, has been made taking the observed value of Ky which 
gives (%, +4) according to the formula 

K-14 1 yt, 

Kyl Ss oh 

Then we take the observed ratio «,/«, for the free ions and determine the values 

of «, and a from %,/%, and «+. "The values found in this way are shown in the 
tables below, where observed values are those given by Mott and Gurney (1940). 


$4. BAND WIDTH 


In the considerations so far, band width has been neglected. We shall make no 
attempt to calculate band widths in the insulators in which we are interested, but 
shall consider the experimental evidence available, and the effect of observed band 
widths on calculations of the type discussed above. Now O’Bryan and Skinner 
(1940) showed that in the alkali halides the width of the highest filled band 1s from 
5 to 19 ey., and in a variety of oxides it is from 14 to 23ev. Such widths must 
have a considerable effect on our calculations. However, the shape of the bands 
must be considered, and we note that in most cases a large part of the width is due 
to ends where the electron density is very low. ‘The main part of the band is 
frequently a single sharp peak which may be compared with a broadened spectrum 
line. In such cases the “‘line-width”’, which is the width of the band at half 
maximum intensity, is considerably smaller than the total width. This is espec- 
ially true of the alkali halides, and among the oxides of BaO, SrO and CaO, where 
the line-width is only 2 ev., although the total width is 14ev. The fact that there 
is some experimental agreement in the case of the alkali halides makes it doubtful 
whether the band ends have sufficient density to affect the optical behaviour of the 
crystal. 

We shall suppose here that the calculations leading to equations (1) and (2) 
above predict the distance below the zero level of the peaks of the energy bands, 
as indicated in figure 2, and we shall also suppose that the band widths are the 
widths without the low density ends. ‘Thus for BaO with total width 14ev., at 
either side of the band there are ends extending for 4ev., and we shall take the 
effective width as 6ev. ‘The peak is then 4ev. below the top of the band. It 
should be noted that apart from the effects of low density of electrons in the top 
end of the filled band and of low density of levels in the lower end of the conduction 
band, the transition from the top of the filled band to the bottom of the conduction 
band is forbidden, and the frequency for the series limit will therefore in any case 
be greater than that which corresponds to the separation between the band ends. 
Similarly the transition from the top of the full band to the first excitation level is 
forbidden. We shall continue to calculate the energy # from equation (4) for the 
sake of completeness, and because of the agreement with experiment in the alkali 
halides; @ should presumably correspond with the separation between the peak 
of the full band and the peak of the band of excitation levels. However, as pointed 
out above, the calculation is really unsatisfactory in this case. 

We shall in the following refer to figure 2 in our calculations, thus equation (2) 
determines the depth of the peak of the band below the zero level, and we write ¢ 
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for the depth of the top of the band, and A for the depth of the peak below the top. 
Thus equation (2) determines (6+A), and equation (2) determines —(x—-A’). 
We shall continue to write (8) for the energy determined by equation (4). 


§5. NaCl INCLUDING BAND WIDTH 


We first consider the case of NaCl when band width is not neglected. The 
quantities necessary for the cycle calculations are shown in table 1. 


We find ¢+A=10-2, 
=(x-A)=03+9, 
06=7-7+ p'. 


We know that the 3s band in the alkali chlorides is narrow and has short ends, 
thus A in this case is about 0-5ev., hence 6=9-7. The excitation level, which is 
known from experiment to lie 7-7 ev. above C, is therefore 2 ev. below the zero 
level 0, and the series limit is a little higher than 0. Now we know that pure NaCl 
is not photo-conducting when irradiated in its first absorption band, thus the 
bottom of the empty conduction band is considerably higher than the first excit- 
ation level, and is therefore not more than about 1 ev. below the zero level. Thus 
the maximum value of y is about | ev., which is consistant with Mott and Gurney’s 
experimental value of 0-5 ev., page 74. _ If p is nearly zero, this indicates that A’ 
is about ley. Note that when band widths are included the position of the bottom 
of the conduction band is not necessarily determined by adding to the calculated 
value of ¢ the observed value of hy,, as it was when band widths were neglected. 
‘There may now be forbidden transitions with energy lower than hy,, so that y may 
be greater than zero, and the argument from photo-conductivity becomes necessary. 


‘Table 1 

NaCl AgBr AgCl 
r 2°81 2-88 2°77 
ae?/r 8-9 8-6 9-0 
Ky Deo8 4-62 4-01 
a, for halide ion 3-0 3-0 3-0 
a, for metal ion 0-15 4-1 Do 
on —1-6 —2°-7 —2°7 
We —2:5 —2-9 —3:-2 
o =1-5 —2°8 —2-6 
I Dial 2, 7°54 7°54 
E B07/5) 8°55 3-75 


§6. SILVER HALIDES 
For AgBr, using the figures in table 1, we find :— 


pA=8'5, 
Ug ag a Sele 
0=3-549'. 


For AgBr, O’ Bryan and Skinner found that the width of the main part of the 4p 
band is 4 ev. (1940), and the peak lies 1 ev. below the top of the main part, con- 
sequently A=lev. There is, however, a considerable tail at the top of the band. 


PROC. PHYS. SOC. LX, I 2 
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The optical absorption evidence (Fesefeldt and Gyulai 1929) shows a rapid 
increase in absorption beginning near 3000 a., which indicates that the excitation 
level B lies about 4ev. above C (figure 2). The high value of K, shows that the 
series limit energy, Ay,, will only be a little higher than Ay,, and, in fact, since it is 
known that photo-conductivity occurs in the tail of the absorption band, the bottom 
of the conduction band must almost coincide with B. This gives x= 8:-5—1-4 
—3-5ev. This is in good agreement with Mott’s value of 3-6 deduced from 
experiments on the bleaching of emulsions (Mott and Gurney, p. 245). It will be 
noted that as with the alkali halides, @ agrees roughly with the observed excitation 
energy if p’ is small, and the value of x — A’ is similar to the value deduced for x if p 
is small, indicating that A’ is probably less than lev. The long optical absorption 
tail extending into the visible may correspond with transitions from the high- 
energy tail in the 4p band. 
For AgCl we find :— 


$+\=9-0, 
~(x-A’)=p-2-4, 
0=4-249'. 


There is no information concerning the width of the 3s band in AgCl, con- 
sequently we do not know A. As with AgBr, the optical absorption increases 
rapidly near 4 ev. (Fesefeldt and Gyulai 1929), and Mott here also deduces that 
yis about 3-6. This would be consistent on the above argument with A=/<Sseves 
and with A’ a little greater than 1 ev. 


§7. DIVALENT OXIDES 


We suppose that the oxides we shall discuss are in the form of ionic crystals and 
that the ions are both doubly charged in the normal state. 

Now, when the doubly charged positive ion is removed from the crystal, the 
energy required is 4xe?/r — R, and addition of an electron requires the energy — I., 
where J, is the ionisation potential for the second electron. Replacement in the 
crystal involves the energy 2e?/r— R’, where R’ is the energy of repulsion between 


the singly charged ion and its nearest neighbours. Here we shall neglect the 
difference between R and R’. We thus obtain 


=(¥oA') = 2ee"/t S14 ee (5) 
Similarly, pt N=2ne |r f Eo, ee eee (6) 


In the case of the transfer of an electron from a negative to a positive ion, 
corresponding with excitation, the cycle gives 


b= (4a 21ers bolo. pe (7) 


In these equations, as before, p and p’ cannot be satisfactorily calculated. 
Experimental values of A are available, but there is no reliable information about 
A’. Some approximate estimates will be made below. ‘The other quantities are 
known accurately, except that there may be some uncertainty about the value of E. 
the electron affinity of the singly-charged negative oxygenion. We take the Pine 
deduced by Seitz (1940) of —9 ev., though this might require some modification in 


———— 
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the future. This was obtained by first estimating the affinity of oxygen for two 
electrons from the results of Sherman (1932) and of Mayer and Maltbie (1932), and 
then noting that the affinity of neutral oxygen for one electron is +2ey. (Lozier 
{1934)). 

We are assuming in the above equations that the crystals are completely polar. 
‘This was sufficiently true in the case of the alkali halides, and the results of O’Bryan 
and Skinner (1940) indicate that it is probably a satisfactory assumption for the 
present purpose in the case of BaO and SrO. They concluded, however, that MgO 
and BeO are much less completely polar, so that our results will be less accurate in 
these cases. 

The quantities necessary in the calculations are shown in table 2. Here the 
polarisation energies have been obtained accurately for the cubic crystals, taking 
Mott’s first-order;approximation as with the halides. In the case of BeO and ZnO, 
with a wurtzite lattice, the necessary summations are not available, and we have 
assumed that for the observed values of the interionic spacing r and the dielectric 
constant Ko, the terms are similar to those for corresponding values in a cubic 
lattice. 


Table 2 

BaO SrO CaO MzO BeO ZnO ZnS 
a 1-75 1:75 1:75 1:75 1-64 1-64 1-64 
r 2:77 2°57 2-40 2:10 1-64 1:94 2-33 
ae?/r 9-0 9°8 10-4 11-8 14-4 12-0 10-1 
ie 3°5 3°31 3-28 2:95 2-95 — 5:07 
a, for negative ion 3:0 2°65 2-9 1-64 0:85 — 3-36 
a, for metal ion 1-6 0:89 0-6 0:05 0 — 0:12 
wy — 2:3 — 24 — 2-4 — 255 — 3-5 == Pie ==> B05 
W» — 28 — 2:8 — 2:9 — 3:0 — 2-9 — 3:0* = 3:7 
w — 24 — 2:3 — 2:0 — 1:7 — 1:6 — 1:5* — 2-0 
iy 10-0 11-0 11-8 15-0 18-1 17-9 17-9 
ie — 9-0 — 9:0 — 9-0 — 9-0 — 9-0 — 9-0 — 5-0 


* "These values are assumed by comparison with the other compounds since K, is not known. 


§8. BARIUM AND STRONTIUM OXIDES 


In table§3 we'show the results of the application of equations (5), (6) and (7), the 
distance A from the top of the main part of the filled band to the peak as determined 
by O’Bryan and Skinner, and hence the value of ¢. 


Table 3 

BaO SrO 
—(x—A’) 5-2--p 5:8+p 
+A 6-6 8-3 
a 9-74+-p’ 11-22) 
A 4-0 5-0 
¢ 2-6 33 


There is no direct optical information in either case concerning the values of 
hy, and hy,, however, since the crystals do not absorb in the visible, Ay, is at least 
3 ev. and is probably considerably greater. ‘Thus both the first allowed excitation 
level and the first ionisation level must lie above the zero line. ‘The bottom of the 
conduction band will be lower than the first allowed ionisation level, and may in 


2-2 
as 
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In the case of BaO we know it cannot be much below 
rity levels can be added to BaO making it a semi- 
conductor. When excess Bais present, the crystal becomes semi-conducting with 
an activation energy varying from 0:5 to lev. according to the experimental 
conditions. he distancesbelowes (figure 2) of the impurity levels may therefore 
beas large as 2 ev. ; thus C must lie at least Zev. below A. Since ¢is 2-6, we deduce 
that the maximum value of yx is 0-6ev. It may of course be less, and will be 
negative if the bottom of the conduction band is above the zero level. 

The experimental results having a bearing on these conclusions will be more 
fully discussed in the following paper. We may note here, however, that Nishibori 
and Kawamura (1940) found for both SrO and the equimolecular double oxide 
(BaSr)O, a value of x of 0-3 ev., and that they concluded that these values of x were 
typical of the oxides themselves, and were not affected by conditions at the outer 
surface of the oxides, e.g. by the presence of adsorbed Ba. It was primarily in 
order to find evidence concerning this conclusion that the present calculations were 
carried out. It will be noted that if we take this experimental value for x and 
assume p to be small, as in the case of the halides, we deduce that A’ is 5:5 ev. for 
BaO and 6-lev. for SrO. ‘These are the depths of the bottom of the conduction 
levels below their peak. It can also be deduced from the results of Nishibori and 
Kawamura that the photoelectric work function of the unactivated oxides lies 
between 2:8 and 3-7 ev. for SrO, and between 2:0 and 2-7 ev. for (BaSr)O. These 
correspond well with our values for ¢, as they should if we assume there is no free 
impurity barium in the unactivated crystal in these experiments. 


fact be below the zero line. 
the zero line however, since impu 


§ 9. OTHER DIVALENT COMPOUNDS 


In table 4 we show the results on some further oxides and on zinc sulphide, 
where following Seitz (1940) we take the value of E, as —5ev. 


Table 4 
CaO MgO BeO ZnO ZnS 
ey 6-1+p 5:6+p S245 3-05-P — 13+) 
gta 9-8 12:9 18-2 LES 13-2 
8 12:5+)’ 14-0+-p’ 18-2+p’ 11-5--p’ 8:3+p 
A 5-0 7-0 7-0 4-0 3-0 
b 4:8 5-9 11-2 9:5 10-2 


There is little experimental evidence concerning these compounds. For MgO 
and BeO we have the indirect information obtained by O’ Bryan and Skinner, and 
discussed in Mott and Gurney (1940), pages 77 and 78, which indicates that hv, 
lies between 11 and 15 ev. for MgO, and is near 14ev. for BeO. Here again, 
therefore, excitation raises the electron above the zero level. If we identify @ with 
hy,, we deduce that p’ in these cases lies between —2 and —4ev. We can obtain 
approximate values of A’ in the case of BeO and MgO by Seitz’s method (1938). 
In the case of ZnS, Seitz compared the broadening of the 45 level of Zn+ with 
the broadening of the comparable 4s level in Cu, which was studied by Fuchs, 
and deduced that the depression corresponding with our A’ was 4ev. Similarly 


we can compare the 2s levels of Be* in BeO with those of metallic Li, and — 


| 


the 3s levels of Mg* with those of metallic Na, both of which metals have. | 
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been studied by O’ Bryan and Skinner (1934). Since the separation between the 
metal ions in the oxides is smaller than between Li and Na atoms in the metal, we 
conclude that approximately for Bet, A’=5 ey. and for Mg+, A’=4ev. Then if 
we suppose that p is of the same order as p’, we find that for both MgO and BaO, y 
is nearly zero. We cannot of course predict a definite value, but it is unlikely that 
x is greater than 1 ev., and it could have a small negative value. 

In the case of ZnO, it is fairly certain that y has a positive value, and the probable 

limits are from +1to +3ev.  Itis doubtful whether the excitation level is as high 
as the zero line, but it is certainly higher than the bottom of the conduction band. 
Our conclusions differ from those of Seitz (1940), since he did not include either the 
polarisation terms or the width of the negative ion band. ‘This applies equally to 
the case of ZnS, which Seitz considered in 1938 and 1940. Here x is of the order 
+5ev. Inthe case of ZnS, as in all the compounds dealt with in this section, the 
separation between the bands is considerably smaller than the first excitation energy, 
so that we expect photoconductivity in the tail of the first optical absorption band. 
‘This is observed in Zn5. 


§10. THERMIONIC EMISSION 


We have found that for all the oxides in §§8 and 9 except ZnO, the predicted 
value of x is nearly zero, and that the maximum value which appears possible 
increases from 0-5 to 1-0 ev. in the order Ba Sr Ca Be Mg, though in each case the 
value might be negative. There is some experimental evidence to show that the 
value is 0-3 for BaO and SrO. Now, when a metal impurity atom is added with an 
electron energy-level at a depth 2¢ below the bottom of the conduction band, the 
oxide becomes a semi-conductor with activation energy of conductivity «. ‘The 
thermionic work function is nearly y+«. We expect the value of « to be related to 
the ionisation potential of the metal atom, and therefore to be larger, for example, 
for Be than for Ba. Thus if the value of y were the same for BeO as for BaO, we 
should nevertheless expect the thermionic work function of BeO containing Be to 
be greater than that of BaO containing Ba, asis observed. If, however, Ba could be 
introduced into one of the other oxides whose y was similar to that of BaO, it might 
be possible to obtain the same thermionic work function as that of BaO, and of 
course if one of the other oxides had a smaller y than that of BaO, a correspondingly 
smaller work function might be obtained. Intermediate values would be expected 
with a mixture of oxides in the case where they form a solid solution. ‘hese 
considerations apply to the mixtures of BaO and SrO, and of BaO, SrO and CaO 
which are commonly employed as coatings for oxide cathodes. In such mixtures, 
solid solutions are formed, and when free metal is produced by a reduction or 
electrolytic process, the resultant metal is mainly Ba, since the heat of formation of 
BaO is less than that of the other oxides. It is known that the work function of 
such coatings is of the same order as that of BaO, and may be slightly less, although 
the work functions of SrO containing Sr and CaO containing Ca are considerably 
greater. This is understandable according to the above argument. We therefore 
deduce that the values of y for SrO and CaO are similar to the value for BaO. An 
accurate comparison will be possible when the work functions of the mixed oxides 
have been measured accurately over a range of composition. Mixtures of BaO 
with MgO and BeO do not appear to have been studied. 
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Sil, SHS COINIDIMRNG EMISSION 


It is well known that all the oxides considered except ZnO have high secondary 
emission. Bruining and de Boer (1939) suggested that in the insulators with high 
secondary emission, the first empty band is situated above the zero level, so that 
when the incident primary electron causes a transition, the secondary raisea 
from the full negative ion band can readily escape. The present results indicate 
that though the whole of the conduction band is probably not situated above the 
zero level, the first allowed transition always raises the electron above the zero 
level, which is in agreement with the general argument of Bruining and de Boer’s 
theory. The selection rules for transitions caused by electron bombardment are 
similar for primary energies of several hundred volts to those for optical 
transitions, according to Wooldridge (1939). There does not appear to be any 
information concerning ZnO, but since x is probably nearly 3ev., and the 
excitation level is near zero, it is not likely to be as good a secondary emitter as the 


other oxides. 
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ABSTRACT. ‘The energy level diagram is considered in the case of a Ba/SrO emiussive 
cathode coating, and it is concluded from the results the preceding paper that the process 
of activation consists in building up a concentration of free barium in the coating, and in 
providing barium at the interface between core and coating. The work function of the 
activated coating without adsorbed barium on its outer surface cannot be much greater 
than the observed value of 1 ev., and may be no greater, so that such an adsorbed layer, if 
present, has only a small effect on the work function. The possibility of increase in emission. 
under the influence of ultra-violet light or electron bombardment is briefly discussed. 
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§1..THE METAL-COATING CONTACT AND THE WORK FUNCTION 


HE oxides discussed in the preceding paper have not been investigated 

directly as regards energy levels, but indirect information is available from 

other studies. In the present paper we are concerned with BaO and SrO, 
which in the mixed oxide form are employed as thermionic emitters. The double 
oxide Ba/SrO is applied to a metallic base, and in the highly emitting state is a 
semi-conductor activated by the presence of excess barium. In studying the 
mechanism of emission, measurements have been made of the thermionic work 
function, the electrical conductivity, the photoelectric behaviour and the secondary 
emission. ‘There has been considerable variation in results obtained, as a result 
of which the details of the mechanism remain uncertain. 

Three types of picture have been proposed: (a) According to de Boer (1935) 
barium atoms are adsorbed on the outer surface of the coating, and can lose their 
electrons by thermal ionisation. ‘The ionisation energy of the adsorbed atom is less 
than that ofafreeatom. ‘lhe emitted electrons are replaced by a flow of electrons 
through the coating. (6) According to Reimann (1934) the electrons are emitted 
from the conduction band of the semi-conductor. It is supposed that an adsorbed 
layer of barium reduces the effective work function compared with that of the 
“‘clean”’ coating, precisely as when such a layer is adsorbed on the surface of a 
more electro-negative metal. (c) It is possible that the emission is the inherent 
emission of the coating as in (b), but that the work function of the “clean”’ coating 
is sufficiently low to lead to high emission. In this case it would be possible for 
high emission to be obtained in the absence of an adsorbed layer of barium. 
In all three theories it is necessary to suppose that excess barium is freed in the 
coating, thus raising its conductivity compared with that of the pure oxide. ‘This 
barium is freed by electrolysis or by chemical reaction with reducing agents 1n the 
core metal or coating. At the interface between core and coating a potential 
barrier is to be expected, whose height we shall assume for the moment to be equal 
to the difference between the work functions of core metal and coating. ‘The 
barrier may be of the Schottky type, or a layer may be present between core and 
coating whose resistance is higher than that of the coating. ‘These barriers have 
been discussed by the writer (1947), and evidence for their presence has been given 
by Fineman and Eisenstein (1946). 

The thermionic work function of the coating is the height OE in figure 1, where 
O is the potential energy at infinity, A is the bottom of the conduction band in the 
crystal, and C the top of the full band as in the preceding paper. D is now an 
added level due to the Ba impurity, and the level E is approximately half-way 
between A and D. 

When the coating is in equilibrium with the core metal, the levels in the metal 
are raised until the top of the Fermi level in the metal F is at the same height as E, 
figure 2. Thus PF is the difference between the two work functions. Now 
experiments by the writer have indicated that the value of PF is 0-7 ev. when the 
core metal is nickel containing a small proportion of magnesium. ‘The work 
function of Ni is 5-0, thus if the magnesium is unimportant in influencing the work 
function, the coating work function must be 4-3. _ Now there is good experimental 
evidence that the thermionic work function of the activated coating is of the order 
lev. This appears at first to rule out picture (c) above, and to require either (a) 
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in which the energy levels are not directly involved, or (6) in which an adsorbed 
layer of barium on the outer surface reduces the effective work function. The 


energy level system is then as in figure 3. 


Metal Semi-conducting Vacuum 
Crystal Vacuum coating 
Figure 1. Energy levels in excess Figure 2. Excess semi-conductor in contact with metal. 
: semi-conductor. Case where semi-conductor surface is “ clean ”’. 
C is the top of the upper fully A, E and D are levels as in figure 1. 
occupied band. F is the top of the Fermi levels in the metal. 
A is the bottom of the conduction PF is the difference in work functions of metal and 
band. semi-conductor. 


D is the added impurity level. 
E is half way between A and D. 


This type of diagram was discussed by Reimann (1934), except that he con- 
sidered the barrier at the metal-coating interface to be thin enough for tunnel effect 
penetration. The writer has indicated elsewhere (Wright, 1947) that in many 
cases the barrier is too thick for this to occur. Here the energy level diagram 
discussed was as in figure 3, i.e. it was supposed that the adsorbed barium layer 
might be present at the outer surface. 

There were, however, clear indications that the behaviour of the coating was 
determined more by the conditions at the metal-coating interface than by the 
conditions at the outer coating surface. Thus the time-decay effects in thermionic 
emission current and in conduction current were related and were both associated 
with the core-metal boundary. ‘Thus if mechanism (a) is applicable, we suppose 
that changes at the interface affect the conductivity, and through it the emission, 
because of the electron supplemen- 
tation process. It seems necessary 
to attribute the decay effects to 
electrolytic flow, which led the 
writer (1947) to the tentative pro- 
posal that positive ions are adsorbed 
at the metal-coating interface. Al- == 
terations in their distribution then Metal Semi-conducting tah Vacuum 
leads to the decay effects in emission See 
and eonductionlourrcnt merc aie Figure 3. Excess semi-conductor in contact with 
‘ : ; metal. Case where adsorbed ,electro-positive 
important to note that this possi- layer is present on semi-conductor surface. 
bility alters our conclusion above Levels as in figure 2. 
that mechanism (c) is ruled out. Thus if we assume that the work function 
of the ‘“‘clean”’ oxide without adsorbed barium has the observed value of 1-0, then 
with PF =0-7 we require the work function of the nickel with an adsorbed layer 
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of barium to be 1-7, which is quite a possible value. ‘Thus we have one extreme 
possibility consistent with (b), that the work function of clean Ba/SrO is 4:3, but 
an adsorbed layer of Ba on the outer surface reduces the effective value to 1-0, or 
the opposite extreme consistent with (c), that the work function of the coating is 1-0, 
but an adsorbed layer of Ba at the metal-coating interface reduces the height of PF 
from 4-3 to 0-7. ‘The decay phenomena indicate that (b) is not a true picture. 
The alternatives are (c), a state intermediate between (b) and (c), or de Boer’s 
mechanism (a). 

It should be noted that the experimental evidence concerning the work function 
does not in most cases throw any light on this question. ‘The fact is established 
that the thermionic work function of BaO or of Ba/SrO is nearly 1 ev., but most 
results give no indication whether the true situation resembles figure 2 or figure 3. 
In the case of the work of Nishibori and Kawamura (1940), referred to in the 
preceding paper, it was found that the value of y remained at 0-3ev. during 
activation, although the thermionic work function decreased by 0-4ev. ‘This 
indicated that the only effect of the freeing of Ba during the activation lay in in- 
creasing the concentration of impurity levels D and consequently raising the level 
of E. ‘Thus this evidence was strongly in favour of figure 2. It is, however, 
possible to argue that surface Ba was present at the beginning of the activation in 
these experiments, and that its concentration did not vary during activation. 
If this were the case, the evidence would not be conclusively in favour of figure 2. 
It seems unlikely in fact that a surface concentration could be maintained constant, 
independent of the internal concentration; however, in view of this doubt, the 
calculations in the preceding paper were carried out. ‘These show that the value 
of y is not greater than 0-6 for BaO without a surface layer of Ba. Since the experi- 
mental values for the activation energy of conductivity AE lie between 0:5 and 
1-0 ev., we conclude that the thermionic work function in the absence of adsorbed 
Ba cannot be greater than 1-6. This rules out the extreme case referred to above 
where the work function of clean oxide is 4-3 ev., and the adsorbed layer of Ba is 
very important in reducing the work function after activation to 1-Qev. It 
permits the other extreme case corresponding with figure 2, and theory (c), 
in which the work function of the clean oxide can become 1-0 after activation, 
without the presence of adsorbed Ba. It also permits intermediate cases in which, 
with an adsorbed layer of Ba present, the work function is slightly lower than in the 
absence of such a layer, i.e. lower by a few tenths of an electron volt. ‘This would 
correspond with a form of figure 3 in which the depression of the work function 
due to the adsorbed layer is small. 

We conclude therefore that the thermionic emission from BaO or Ba/SrO is 
emission from the conduction band of the semi-conductor, the bottom of which is 
situated not more than 0-6ev., and probably only 0-3 ev. below the zero level. 
‘The process of activation consists in building up a sufficient concentration of free 
Ba in the oxide to lower the work function to 1 ev. by raising the level E, and in 
providing a layer of adsorbed Ba at the coating-core interface. At the outer 
coating surface, while Ba must be present at least intermittently, since it evaporates 
from the oxide, it does not play a very important part in lowering the work function 
to the observed value of 1 ev. in the activated cathode. ‘There is an indication 
that it may play no part at all, i.e. that the clean oxide with an adequate internal 
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concentration of free Ba has a work function of lev. If the adsorbed layer of Ba 
does play a part, it can only be small, since the work function of the clean 
oxide cannot be much more than lev. We may note here that the conclusions 
of Huber and Wagener (1942) were that there is no electron diffraction evidence to: 
support the view that a layer of adsorbed Ba is present on an activated cathode. 


g§2. INFLUENCE OF LIGHT AND ELECTRON BOMBARDMENT 


When electrons are raised into the conduction band of a semi-conductor, for: 
example, under the influence of light of sufficiently short wavelength, the con- 
ductivity is increased. ‘The increase in the number of electrons in the conduction 
band which causes this should also increase the thermionic emission from the 
semi-conductor. Apart from this short-time effect, there may be a photochemical 
decomposition, as in the alkali and silver halides, where loss of an electron from a 
negative ion can lead to the loss of a negative ion from the crystal. If there is a 
corresponding effect in the oxides, there should be an increase in conductivity and 
in thermionic emission from the oxide under the influence of the light, if the oxide 
is not initially fully activated. 

There is some evidence that one or both of these processes may occur in oxide 
coatings (Case, 1921; Merritt, 1921; Crew, 1926; Newbury, 1929; Bodemann,,. 
1929; Ramanadoff, 1931). In these papers it was found that there was a rise in 
photoelectric response in the near ultra-violet with temperature. It was at first 
thought that there was an increase in photo-electric emission with temperature ; 
it later appeared, however, that the true effect was an enhancement of the therm- 
ionic emission under the influence of light of sufficiently short wavelength. 
There was no effect above 3000 A., a small effect from 3000 to 2500 a., and a con- 
siderable increase near 2500.4. By analogy with the results on the photo-conduc- 
tivity of silver halides, it can be deduced from these observations that the range 
5 to 4ev. lies in the tail of the first optical absorption band, whose peak will 
therefore occur at considerably higher energy. In the case of electron bombard- 
ment of an oxide, similar effects might be expected. Johnson (1946) obtained 
effects which he interpreted as the enhancement of emission from poorly activated 
oxide cathodes under electron bombardment, though the interpretation is doubtful 
in view of the later results of Pomerantz (1946), who found a true increase in 
secondary emission with temperature. As regards the photo-chemical effect, 
both Headrick and Lederer (1936) and Jacobs (1946) have obtained evidence for 
the liberation of oxygen from oxides under electron bombardment. If this does 
occur in oxide cathodes, it is possible that continued bombardment of an activated 
cathode would lead to the formation of an excess of free metal and hence of metal 
aggregates, though such an effect would be temperature dependent. heir 
formation at low temperature might explain the observed decay in secondary 
emission with time, since metal aggregates may decrease the secondary emission 
both by replacing the oxide and by providing electron traps. At higher temper- 
atures, for example 700 or 800° c., the excess metal would evaporate, and the loss of 
oxygen and metal would lead to disappearance of coating at a greater rate than in 
the absence of electron bombardment. Such an effect is observed in cavity 


magnetrons where some of the emitted electrons return to bombard the 
cathode. : . 
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ABSTRACT. This paper continues the argument of a previous paper with the same 
title. It explores the foundations of the science of electrostatics as practised in the modern 
laboratory, admitting as evidence only those experiments that experience has proved to 
be practicable. The basis of the subject is found in alternating currents and the laws of 
capacitance, which lead to the conception of electric potential energy. The various experi- 
ments on the mechanical forces between electrified bodies fit in well with this conception, 
and we are led to the conclusion that the soundest procedure in the investigation of any 
system of conductors and dielectrics is to represent it by its equivalent capacitance network. 
Coulomb’s Law and point charges play no part in our scheme, but they are discussed 
because of the prominent part that they play in classical theory. The familiar equations 
for point charges, which are the premises from which that theory starts, can be regarded 
as definitions of what is meant by ‘“‘ point charge ’’, or as approximations to the laws governing 
the forces on small charged bodies, which become true in a limiting case. One incidental 
advantage of our treatment is that the somewhat elusive notion of “ earth ’’ in the usual 
expositions is replaced by more definite conceptions. 


§1. ALTERNATING CURRENTS 


HE general principles to be followed in this enquiry were outlined in a 
previous paper (1946), here called Part I, which established the magnitudes 
characteristic of D.C. circuits, viz. current, voltage, resistance etc. Our 
present object is to show that the working principles of electrostatics as practised 
in the modern laboratory can be soundly based on real experiments, and in this way 
to indicate the true nature of the experimental foundations of the subject. It is a 
commonplace among experimental workers that the magnitudes that appear in 
electrostatics are today almost invariably measured by alternating current methods, 
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which are far more accurate than those used by the pioneers in the subject; we 
naturally therefore look to alternating currents for our basic conceptions. 

In one of the circuits from which we started, let the battery be replaced by an 
A.C. generator (say audio-frequency). Current indicators in series will not 
generally read the same current, according to their D.C. calibration; nor will 
voltage indicators in parallel read the same voltage. If the indicators are of the 
kind generally employed in modern practice—but not necessarily otherwise— 
most of the direction-sensitive indicators will read nothing at all, while the revers- 
ible indicators will continue to agree among themselves. If we had started from 
such an arrangement, we should simply have ignored the direction-sensitive 
indicators as not indicators at all. 

But, even then, if we had tried to calibrate the reversible indicators by addition 
in the manner described in Part I, we should have failed, because the necessary 
laws of addition are not true in general. They are true if the circuit elements are 
limited to a narrow class (that of “ pure”’ elements all of the same kind, see § 2); 
and this fact is used in the calibration of A.C. instruments according to the best 
modern practice. But, though we might by such methods measure independently 
magnitudes corresponding to current and voltage, it would be doubtful whether 
we should be wise to call them by those names. For there would be no negative 
currents or voltages; and the laws from which “current” and “ voltage” derive so 
much of their significance would not be true; neither the sum of the currents 
flowing to a node nor the sum of the voltages round a circuit would be zero. 

However, if we include cathode-ray oscillographs among the indicators, we 
shall find that they, though direction-sensitive, continue to give an indication ; 
but they indicate that the state of the system is not constant, but is varying cyclically. 
If we calibrate these instruments by D.C. for current and voltage, and by some form 
of stroboscope for time, and if we then regard only those values of current and 
voltage that are simultaneous, we shall find that simultaneous current and voltage 
possess over a wide range the properties of direct current and voltage ; in particular 
they obey the laws from which these terms derive their significance. Moreover, 
we shall find that the behaviour of all the instruments that give steady indications in 
an A.C. circuit can be completely explained in terms of their reactions to different 
direct currents and of the presence of some kind of inertia that causes them to read a 
mean value of a rapidly varying influence. Electrostatic and dynamometer 
instruments agree among themselves because they all read nearly the same mean; 
rectifier instruments diverge because they read a different mean. 

These are the considerations that justify the conceptions of instantaneous and 
RMS current, voltage and power, and that underlie the calibration of RMS 
instruments in terms of D.C. in standardizing laboratories. Certain elaborate 
precautions have to be observed; but since they do not involve any of the laws we 
are about to discuss, they need not detain us. 


$2. PURE RESISTORS TANDEPURESGARA@GIRORS 


When the A.C. generator is substituted for the battery, none of the laws 
‘concerning circuit elements set forth in Part I remains generally true. In 
particular, if equality of impedance or admittance means equivalence in respect of a 
reversible indicator in an A.C, circuit, impedance is not generally additive in series 
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or admittance in parallel; consequently impedance and admittance are not, like 
resistance and conductance, measurable by addition. But it is possible by certain 
tests to select, from the whole class of elements that may form part of an A.C. 
circuit, two sub-classes that possess characteristics that are additive and are 
therefore measurable independently; they will be termed respectively “‘ pure 
resistors’? and “pure capacitors”. (In a later part of this enquiry it will be 
pointed out that there are no even approximately pure inductors.) 

This statement needs some explanation. ‘There is no circuit element that 
satisfies completely all (or perhaps any of) the tests that will be prescribed in their 
most stringent form. But, if elements are selected that very nearly satisfy all 
the tests, certain simple laws are found to be very nearly true of them; departures 
from the laws are concealed by experimental error in all but the most accurate 
experiments, and even in those are distinguishable from experimental error only 
by careful analysis. Accordingly we define a pure element as one of which these 
simple laws are true, and attribute departures from purity in actual elements to a 
combination of elements of different kinds, each of which would be pure in 
isolation. We find that the behaviour of actual elements can be explained on this 
hypothesis. ‘The statements that follow must be interpreted in view of this 
procedure which, of course, is adopted with minor modifications in many branches 
of physics. 

The distinction between pure resistors and pure capacitors is that the former 
do, and the latter do not, pass current in a D.C. circuit. (Pure capacitors thus 
violate the most fundamental property of D.C. circuits, namely that the path 
of the current lies wholly in conductors.) One test of purity applicable to both 
sub-classes is that the laws of addition in parallel and series must actually be obeyed. 
This test, since it involves a plurality of elements, can be applied only to the sub- 
class as a whole, not to individual members of it. It might fail completely for this 
reason; for impure elements might be additive, if they were all impure in the same 
way. Actually the test is very useful, because impure elements usually differ in 
their impurity. Further, the test, applied to capacitors, limits the sub-class to 
what we shall call (for a reason that will appear presently) ‘“‘ closed”’ capacitors (in 
common parlance, screened condensers). Other elements that are called pure 
capacitors according to convention—which we shall follow—are not additive. 

Accordingly it is desirable to have other tests. Another class test is that the 
equivalence of two elements of the same sub-class should be independent of the 
indicator (i.e. of the nature of the mean it indicates) and of the generator (le. 
of its frequency and wave form). But this test, though satisfied by pure capacitors, 
is not fully satisfied by pure resistors ; in ordinary language, their resistance varies 
slightly with the frequency. 

There is a very perfect individual test for pure resistors. It is that the current 
through the resistor and the voltage across it, measured by cathode-ray oscillo- 
graphs, must be “in phase”; in particular, the maxima and minima of current 
must be respectively simultaneous with the maxima and minima of voltage; this 
test can be applied without measuring anything, and involves only the relations of 
greater and less. ‘The corresponding test for pure capacitors is less easily applied 
and its consideration therefore is postponed. The best individual test for capaci- 
tors is that which distinguishes them from resistors, namely that they pass no 
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direct current; but this is not conclusive, since it does not include dielectric loss 
and series resistance or inductance. The class tests for capacitors are therefore 
more important than the class tests for resistors. 

The magnitudes characteristic of pure resistors that are additive in series and 
parallel turn out to be the same as D.C. resistance and conductance, at least at low 
frequencies; no separate name for them is required. On the other hand, new 
names are required for the corresponding magnitudes characteristic of capacitors ; 
we shall call them elastance and capacitance. In modern terminology these 
magnitudes are distinguished from impedance and admittance; but, from our 
present standpoint, when we are considering independent measurement alone, 
they are the same magnitude according to our meaning of that expression (Part I, 
p. 645). For, whatever the frequency and wave-form, the ratio of the impedances 
or admittances of two pure capacitors is the same as the ratio of their elastances or 
capacitances. 

The measurement of capacitance by the parallel connection of pure closed 
capacitors plays as important a part in the most refined calibration of pure capac- 
itors as does series connection in the calibration of D.C. resistors. "The measure- 
ment of capacitance is slightly less accurate than that of resistance, because (for a 
reason that will appear presently) the conditions in which the law of addition is true 
cannot be realized so precisely. For the same reason, and perhaps for others also, 
elastance plays a much less important part than capacitance in actual measurement ; 
but it should be noted that, in so far as it is an independently measurable magnitude, 
it must be the reciprocal of capacitance, if the same standard is used to define both 
units. 


§ 3. CAPACITANCE AS A DERIVED MAGNITUDE 


If we measure by cathode-ray oscillographs both the current J flowing through 
a pure capacitor and the voltage V across it, then we find that J is proportional to 
the simultaneous dV /dt, and that this relation is independent of the particular 
generator used and of the way in which V varies. The constant of proportionality 
depends on the capacitor, and is therefore a derived magnitude; we may write the 
law 

s l=Si@:.dVidi. 4 ee eee (3:5) 

C turns out to be the same magnitude as the capacitance measured by addition, 
when the capacitor is closed and obeys the law of addition. It we choose suitably, 
with respect to the units of current, voltage and time, the closed capacitor to which 
unit capacitance is to be assigned, the scale factor S may be made 1. This is the 
convention always adopted; we shall assume its adoption in what follows. 

Equation (3.1) is true even if the capacitor is not closed, so long as it satisfies the 
tests of purity other than that of addition. Accordingly, as indicated already, we 
shall regard capacitors obeying (3.1) as pure, even if they are not closed. It 
follows from (3.1) that, if there is a definite phase difference between / and V— 
which implies that both of them are sinusoidal—then it is 90°. ‘This corresponds 
to the phase test for pure resistors; and since a phase difference of 90° implies that 
the maxima of one quantity coincides with the minima of the other, can be applied 
without measurement. But if the capacitor is not entirely pure, and the phase 
difference not exactly 90°, the distinction between a leading and a lagging current, 
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which will turn out to be important, will arise. It is therefore doubtful whether 
the test can actually be applied in a form in which it differs from the test whether 
(3.1) is true. 

(3.1) cannot be established with great accuracy by oscillograph measurements, 
if only because the deduction of a derivative from a set of disparate values is always 
liable to considerable error. But on the assumption that (3.1) is true, it is possible 
to devise bridge networks fed by generators of sinusoidal wave-form (so that the 
relation between V and dV /dt is known) that permit C to be determined, both 
relative to other C’s and to the conductances of pure resistors. ‘The consistency of 
the results obtained with such networks confirms with high accuracy the truth of 
(3.1), and the identity of C in that law with capacitance measured by addition in 
closed capacitors. 

Just as the most refined measurement of resistance depends both on the law of 
addition and on Ohm’s law, so the most refined measurement of capacitance 
depends both on addition and on (3.1). Bridges are also useful in judging 
equality in independent measurement; it is worth noting that, when they are used 
for this purpose, the wave-form of the generator need not be sinusoidal. 


§4-CAPACITANCE AND GEOMETRICAL FORM: PERMITTIVITY 


On examination of their structure, capacitors prove to consist essentially of a 
pair of conductors (‘‘plates”’) separated by a gap filled with a non-conducting 
material, or dielectric and generally narrow compared with the dimensions of the 
plates. When the plates approximate sufficiently nearly to concentric spheres, 
coaxial infinite cylinders or infinite parallel planes, experiment shows that there are 
simple relations between capacitance and geometrical form. In the usual 
notation they are 


C=K, . 14f2/(f2—1) (spheres) =" =" eae (4.1) 
C= K,]I/(log 7, — log 7) (cylinders)< 9 ane (4:2) 
C=k.,A/d (plates) pcayeueei al de. > « a) serene (4.3) 


K,, Ky, Kz vary with the dielectric; each is therefore a derived magnitude requiring 
a scale factor. But it turns out that they all vary together, so that—within 
experimental error—K,=2K,=47K,. Accordingly, if we write 


See Roa Ser KG 1 4S ge ee (4.4) 


a single magnitude « (permittivity) characteristic of the dielectric and a single scale 
factor will suffice. Experiment shows further that the independence of permit- 
tivity and geometrical form is complete, so that if a value for « is assigned by 
convention to one dielectric, it can be determined for any other by measuring the 
capacitance of a capacitor of any form, filled first uniformly with the standard 
‘dielectric and then uniformly with the other. 

Somewhat more complicated formulae have also been established experi- 
mentally when the dielectric, though not uniform, is distributed in uniform layers. 
They involve different «’s for the different layers, but they need no special consider- 
ation here. . 

All these formulae are special cases:of a general rule for determining capacitance 
from the geometry of the capacitor and the nature of the dielectric. ‘The form in 
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which it is given here depends historically on laws not mentioned so far. But the 
discovery of the rule by guesses based on empirical laws such as (4.1), (4.2), (4.3) 
would have been no more remarkable than the discovery of the Amp2re-Neumann 
rule (Part I, (11), (11.1)) by a similar process. 

The rule depends on a geometrical theorem that can be stated with sufficient 
accuracy and generality for our purpose thus* :— 

Let, 5,....5;)..+.5,, be a set of closed non-intersecting surfaces. Let each 
point outside these surfaces be associated with a quantity «, characteristic of it. 
Then it is possible to find a variable v having the following properties :— 


(1) wv is constant over each surface s; 

(2) at all points outside the surfaces s, v is continuous and finite or zero, being 
constant at all points sufficiently distant from the surfaces 

(3) at each point at which « is continuous, 7 satisfies the differential equation 


dj dv d ( dv d { dv 
£ (eS) +5 (KG) + £(«G)=0: OA (4.5) 


(4) at any surface at which « changes discontinuously, « . dv/dn has the same 
value on either side of the surface, n being the normal to it. 
It follows from the properties of v that, if determinate values 7, v, are assigned 
to two of the surfaces s,, 5, while the values for the other surfaces are left undeter- 
mined, the quantity 


i uidofdn SA aioe tn ear (4.6) 


where dS is an element of surface, n is the outward normal, and the integral is 
taken over the surface, has the same modulus but opposite signs for the surfaces 
Sp So, and is zero for any other of the surfaces. 

In applying this purely geometrical theorem to a capacitor, sj, sy are identified 
with the surfaces of the plates, each plate including all the conductors connected 
conductively toit. v,,v,arechosenarbitrarily. The value of« associated with each 
point is the permittivity of the medium occupying it. If any point is occupied bya 
conductor insulated from both plates, « for it is infinite; v is then constant over 
the surface of that conductor and ¢, for itis zero. Then vis in general determined 
everywhere; the quantity ¢, is everywhere proportional to (v, —v,); and the rule 
for capacitance is 

Pe 


U1 — Us 


C=8S 


where ¢, refers to the plates and S is the scale factor of (4.4). 

This is the most general relation between capacitance and geometrical form ; 
formulae (4.1), (4.2), (4.3) are special cases, but they do not provide a satisfactory 
test of it, because the capacitors to which they refer cannot be realized fully. 
However, they can be realized approximately; the rule is then found to give a 
“correction” that agrees with measurement. If the rule is applied to capacitors 

* The reader will note that it is assumed that there are no surface or volume charges in the 
dielectric. The modification required if there are such charges is considered below in §16. But 
it should be pointed out that the same assumption is made in §5. He may note further that no 


reference is made to the vector D, of which ¢, is the flux. The reason for this omission will appear 
in later parts of this enquiry. 
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differing widely from these simple forms, mathematical difficulties often prevent 
the prediction of a definite value with which measurement can be compared. 
The direct evidence for the accurate and universal validity of the rule is therefore 
not complete ; but it is very strong—stronger than that for any other “electrostatic” 
relation. 


§5. THE FIELD EQUATIONS: ELECTRIC FIELD STRENGTH 


In §4 v is a mere mathematical variable, convenient (but perhaps not absolutely 
necessary) in arriving at formulae (such as (4.1-3)) applicable to experiment ; 
it does not appear at all in the formulae. But further inquiry shows that v, or more 
accurately grad v, has great physical significance. 

In Part I the magnitude H was introduced to express the fact that there is a 
group of phenomena, including the deflection of a compass needle or of a cathode 
ray, that are characteristic of the space about a current-carrying circuit, and are 
determined by the product of the current in that circuit by a geometrical function G. 
There is another group of phenomena similarly characteristic of the space about 
conductors between which voltages are maintained; like the “magnetic pheno- 
mena’’, they form a group, because if one of them is the same at two points in such 
a space (or spaces), then each of them is the same at those points. The group 
includes again the deflection of a cathode-ray; it includes also the Kerr electro- 
optical effect and the breakdown of a dielectric. 

Suppose that we identify the surfaces of the conductors with the surfaces s, 
assign values of v to them so that v;,—v, is the voltage V,, maintained between s, 
and s,, and calculate v throughout the space between them by means of the theorem 
of §4. Then we find that the phenomena are determined by grad v in the sense 
that they are the same wherever gradv is the same. Accordingly 


Cr Orad Doe" Gis eek Py) Seles (5.1) 


is a defined magnitude determining these electric phenomena in the same way as H 
determines the magnetic phenomena; it may be fitly called the electric field 
strength. If there are only two conductors between which a voltage is maintained, 
if V is that voltage, and if the dielectric is uniform, the similarity between E and H 
may be made even more evident by writing 


Cn) eee oe, a aaa (5.2) 


where F, like G, is a function depending only on the geometry of the system. 

In view of these facts we shall term the propositions of §4 collectively the 
field equations. Further, we shall assume—for this is obviously the easiest way—~ 
that the v’s are to be assigned to the conductors in accordance with the voltages, 
by assigning v= 0 to one conductor (zero plate) and to the others their voltages to 
this conductor. 

In some circumstances—it is unnecessary here to inquire what they are—it is 
possible to establish that the voltage between the zero plate and a probe introduced 
into the space between the conductors is equal to v, calculated from the field equa- 
tions. ‘Thenv, as well as grad v, has physical significance. Measurements of 
probe voltages are inaccurate and have little evidential value. On the other hand, 
& can be determined with considerable accuracy from the deflection of a cathode- 
ray, by the use ofa theorem that will be examined in §15. It is possible that the 


PROC. PHYS. SOC. LX, I ' 


34 N. R. Campbell and L. Hartshorn 


future development of electron optics may provide evidence for the field equations 
more stringent than that derived from the measurement of capacitance; but for 
the present they must be based primarily on such measurement. 

v of this section is closely related to the v that was introduced in Part I to explain 
the properties of conducting media. It follows from the field equations and from 
the properties of v set forth in §13 of Part I that, if the dielectric of a capacitor is 
replaced by a medium whose conductivity is everywhere proportional to the 
permittivity of the dielectric, and if the plates are still maintained at the same 
voltage, then the v of the conductor is everywhere the same as the v of the capacitor. 
This relation is sometimes used to determine the distribution of v in a capacitor of 
complicated form. But it is more important because there is no sharp distinction 
between dielectrics and conductors; there are media in which it would be possible 
to determine both equipotentials as indicated in § 13 of Part I, and the electric field 
strength by one of the group of phenomena mentioned earlier in this section; 
more generally we find that the properties of most dielectrics can be explained by 
attributing to them both permittivity and conductivity. It is an experimental fact 
of great practical importance that, in isotropic media, the distribution of v is the 
same whether it is derived from conductive or from electrostatic phenomena. 
Perhaps the strongest evidence on this point is the well-known fact, frequently 
established with great precision, that the “loss tangent”’, and therefore o/«, for any 
uniform medium is independent of geometrical form. 


§6, CLOSED * CAPRACTTORS SCREENS 


The exceptions to the statement in §4, that v is determined everywhere by the 
assignment of v,, Vg, are very important. 

(a) If a conductor, insulated from both plates, encloses one but not the other, 
then v is completely indeterminate unless something is added to the rule. The 
obvious addition, based on the fact that ¢, for a conductor insulated from both 
plates is zero, is that, if ¢, is the value of 4, for the enclosed plate, then — ¢, is its 
value for the inner surface of the enclosing conductor, +¢, for its outer surface, 
and —¢, for the unenclosed plate. The experimental facts that justify this 
addition will be stated later. With this addition, which will be assumed in what 
follows, v in this case is determinate everywhere. 

(b) Ifone of the plates completely encloses the other, then the assignment of v 
to the enclosed plate and to the inner surface of the enclosing plate, though it 
determines v everywhere within the enclosing plate, does not determine v anywhere 
outside it. The corresponding experimental fact is that changes in the voltages 
between conductors inside the enclosing plate (including the inner surface of that 
plate) produce no change of voltage between any pair of conductors outside the 
enclosing plate (including the outer surface of that plate), and no change of the 
field strength outside that plate; and conversely, interchanging “inside”? and 
“inner” with “‘outside” and “outer”’. 

This deduction from the field equations can be tested with great sensitivity ; 
since it is true, some variations from the rule of capacitance given by the field 
equations as stated in §4 ,which might otherwise be possible, are excluded. But 
the fact is even more important practically than theoretically. Thus, it is used in 
radio-frequency experiments when the observer, in order to isolate himself from 
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irrelevant disturbances, encloses himself and all his apparatus inside a metallic cage. 
(In view of later discussions, it is well to point out here that the efficiency of the cage 
for this purpose does not depend on its being connected to any other conductor, 
whether inside or outside the cage.) 

Again, it makes it possible to limit the conductors that have to be taken into 
account in any electrostatic problem to a definite group. If one of a group of 
conductors encloses all the rest, then any conductor outside the group—and 
outside the enclosing conductor—can be ignored. ‘This limitation and isolation 
by a “screen” is necessary both in theoretical arguments and in all experiments 
except the very roughest. Accordingly it will always be assumed hereafter, unless 
the contrary is stated explicitly, that the system under discussion is a group within 
and including a surrounding screen. Of course an isolating screen need not in 
practice be absolutely complete; the metallic cage above mentioned is often made 
of wire gauze or netting. ‘The effect of a small aperture tends to zero with the 
ratio of its area to the whole area of the screen, and is often quite inappreciable. 

Other closely related deductions from (4) are that the capacitance of a capacitor 
of which one plate (screen) completely surrounds the other is independent of any 
body outside it, and that the capacitance of a pair of such capacitors, with their 
screens and their plates respectively connected together, is the sum of their 
individual capacitances. If one plate does not surround the other, capacitance 
will not in general be additive in parallel, because the field between the plates of 
one capacitor affects the field between the plates of the other. ‘This is, of course, 
why capacitors that obey the laws of addition were called ‘‘closed”’ in § 2. 

If a capacitor could not be “‘closed”’, and obey the laws of addition, unless the 
screen completely surrounded the plate, a closed capacitor would be an unattainable 
ideal. For, in order that the plate of a screen-and-plate capacitor should be 
connected to anything outside the screen, e.g. another plate, there must be an 
aperture in its screen through which a lead may pass. ‘The aperture itself, if small 
enough, may be unimportant; but the lead passing through it is another matter. 
It is a question of fact, not to be decided by anything stated so far, whether the 
departure from ideal closure, represented by the passage of a lead through the 
scr.en, produces a failure of the law of addition. 

The answer depends, of course, on the sensitivity of the criterion of equality 
and on the size and location of the lead. If the most sensitive means for judging 
equality is used, and the capacitors have ordinary terminals, then the law of addition 
is found to be not generally true, although it is true for capacitors exceeding (say) 
0-5 ur. in value, provided that reasonable precautions are taken in choosing and 
arranging the leads. It is, however, possible so to design capacitors that the leads 
connecting them together make no detectable contribution to their capacitance. 
For example, thé plate terminals may take the form of sockets mounted in small 
apertures in the screen, so that the face of the socket is flush with the surface of the 
screen. If the sockets of two such capacitors register with one another when the 
screens are placed in contact, then they can be connected together by a double- 
ended plug, which is inserted in one socket before the capacitors are brought 
together, and which becomes totally enclosed when the connection is complete. 
When capacitors of this type are used, the law of addition can be verified with the 
highest accuracy over a very large range of values; indeed, it is probably the most 
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accurately known of all the quantitative laws of electrostatics. Moreover (see 
$12 below) there are methods of assigning capacitances to ordinary standard 
capacitors that are also additive in respect of the most sensitive criteria of equality ; 
and these capacitances agree within experimental error with those calculated from 
the rule of capacitance. Accordingly there are actual capacitors completely 
equivalent to ideal closed capacitors, having no leads through their screens; and. 
in basing the laws of electrostatics on the properties of ideal closed capacitances, 
we shall not be departing from our principle of relying only on real experiments and 
real conceptions. 

There is a corresponding deduction from (a), namely that elastance is additive 
in series if, and in general only if, the plate common to the two capacitors completely 
encloses the other plate of one of the capacitors, and is completely enclosed by the 
other plate of the other. This condition is not easily realized, even if the leads are 
ignored, and elastance, even if it proved accurately additive in the presence of leads, 
would not be mportant. Actually the departures from accurate additivity of 
elastance are of the same nature as those just discussed ; they are often concealed by 
experimental error; and even when they are not concealed, they may be abolished 
by the methods of §12 below. 


§7. ELECTROMETERS 


We now return to the main theme, namely the coordination of the laws of 
current circuits. 

We note that electrostatic voltmeters and electrometers are essentially closed 
capacitors in which the plate is movable relative to the screen, so that their capaci- 
tance varies with the motion of the plate, and the voltage V to be measured is 
applied between plate and screen. (If such voltmeters were used to investigate 
(3.1), account would have to be taken of the variation of their capacitance, which ts. 
part of C, with V.) Experiment shows that their behaviour is consistent with the 
law 

B=, dC}dq.. Vins = a eee (7oLy 
where F’, is the force tending to increase the coordinate q, the voltage being 
maintained independent of g by means of a battery or generator, and S (which is. 
positive) is the same for all voltmeters that obey (7.1), so that it is a scale factor that 
does not need to be supplemented by a derived magnitude. 

The only voltmeters in which the law can be established accurately are those in 
which C can be calculated accurately from the field equations; but, in some of these, 
it can be established as accurately as any of the laws previously mentioned in this. 
Part. By assigning values to S in (4.4), (4.7), (7.1), and to « of a standard dielectric, 
the units of C, V, I, « can be fixed in terms of the units of length, area, time and. 
force. ‘They could actually be fixed by this method with an accuracy little less. 
than that with which they are now fixed by other methods. In “ electrostatic 
absolute units’’, « is made unity for vacuum, S of (4.4), (4.7) are made unity, and. 
S of (7.1) is made $. (The reason for this last choice will appear presently.) 


§8. THE CHARGE IN A CAPACITOR 


We have said that (7.1) is true only if V is made independent of g by connecting 
plate and screens through a battery or generator. Electrometers are sometimes. 
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used idiostatically with plate and screen insulated from each other; then V varies 
with their relative position. We shall now show that the law corresponding to (7.1) 
for this case can be inferred from the laws already stated. 

Suppose that a direction-sensitive ammeter is permanently connected in 
series with one of the terminals of the capacitor. While the capacitor is a circuit 
element, let us record J, the current flowing through the ammeter, as a function of 
time; and let us define a quantity Q, the charge in the capacitor, by 

7V 


Q=| I. dt, oad (8.1) 


where the limits of the integral indicate that it is to be taken between an instant 


when the voltage across the capacitor is zero and an instant when it is V. Then 
irom) (3.1), with S=1 


OG aa) Ae i (8.2) 
Comparison of (4.7) and (8.2) shows that 
IOl=I¢el, me 85) 


accordingly in so far as QO, defined by (8.2), receives physical significance from the 
considerations of this section, ¢, receives the same significance. 

When the terminals of a pure capacitor are not connected in a circuit, J=0. 
If (3.1) is true of these circumstances (an assumption not used so far), then V, and 
therefore by definition Q, must remain constant. Experiment shows that this 
condition may be approached very nearly in suitable circumstances ; any change in 
V can be attributed to the presence of a conductor between the terminals whose 
conductance (representing a slight impurity) is so small that it cannot be detected 
in the range of frequencies within which C is most conveniently measured. 

Let us now connect the terminals of the charged capacitor by a resistor of 
resistance R. Then, if Ohm’s law is true when the appearance of a voltage across 
the resistor is not associated with the presence of a generator in the circuit of which 
it forms part (again a new assumption), we must have 


I=-V/R; di /dt=(—1/R) ~ SIC Rh eee (8.4) 


V I= - VIR 

lat =| SMe Cy. 2) lees (8.5) 
0 I=0 
This relation is confirmed by experiment, i.e. Q is the same whether it is estimated 
by charging or by discharging, and our assumptions are therefore justified. TF'rom 
these experiments we conclude that Q or ¢, is a significant magnitude, characteristic 
of the state of a capacitor, having a constant terminal-voltage, when its terminals 
are insulated. 

We expect then that, when the terminals of the capacitor are insulated, and its 
configuration changes, Q will still remain constant. If so, in order to ascertain the 
behaviour of the electrometer when its terminals are insulated, we may substitute 
for V in (7.1) in terms of Q from (8.2), and perform the differentiation with respect 
to g subject to the constancy of Q. We thus have 


Fy=-5. 2 (a) .O ees (3.6) 
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This law is confirmed by measurements ; but, owing to the difficulty of maintaining 
the terminals truly insulated, it cannot be established as accurately as (7.1). Its 
truth is, however, a great part of the evidence for the propositions about Q. 


$9. ENERGY IN A CAPACITOR 


(8.6) is the law that would follow from general dynamical principles, if it were 
known that a pure insulated capacitor is a conservative system and that its potential 
energy is SO2/C. We therefore inquire whether there is any other support for 
these suggestions, taking into account equation (6) of Part I. 

From (3.1) 

“TVdi=iC(V2—-V), eee (9.1) 
Ja: 

where V’,, V, are the voltages at t,, t;. It follows that, even if (6) were true of the 
instantaneous power converted into heat in a pure capacitor, the total energy and 
mean power dissipated in a complete cycle or in any number of cycles, would 
be zero. Experiment shows that it is zero or, more accurately, that any power 
dissipated in a capacitor in such circumstances can be associated with a departure 
of the capacitor from complete purity that can be detected in other ways. But 
it shows also that, in a pure capacitor, no energy is dissipated in even part of a cycle 
throughout which JV is of the same sign, although then, if (6) were true, power 
would be drawn from the generator and dissipated. Moreover, when a charged 
capacitor is disconnected from the generator by which it has been charged and is 
discharged through a resistor, V and J being observed during the discharge, power 
is dissipated in the resistor according to (6), being apparently drawn from the 
capacitor. a 

All this is consistent with the storage in the charged capacitor of potential 
energy W., where, if the units of J, V are chosen to make the scale factor in (6) 
unity, 

Wo=307/C. = See (9:2) 
Accordingly (8.6) will be identical with the law to be expected on general principles, 
so long as the units are chosen so that S=!. This is the reason for that choice in 
(CED: 

The potential energy can also be written 

Wy=sCGV", 72 0) eee (9.3) 
But it must not be concluded that the force tending to increase g, when V is constant, 
is —dWy/dq. For, when V is constant, the capacitor alone is not a conservative 
system, because it can exchange energy with the generator by which V is main- 
tained. ‘The fact that F, in these circumstances is given by (7.1) shows that the 
energy drawn from the generator in maintaining V is twice as great as, and opposite 
in sign to, the change in potential energy. 


§10. GENERALIZATION OF CAPACITANCE AND CHARGE 


The capacitors that we have considered so far (“‘simple” capacitors) are 
essentially pairs of conductors. Any conductor other than the pair that is 
relevant at all, in the sense that its removal would effect the capacitance of the pair, 
must be insulated from the pair, so that it is effectively part of the dielectric. But 
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sometimes we have to consider systems of more than two conductors, each pair of 
which is, or may be, maintained at a different non-zero voltage. ‘The main, if not 
the only, examples of such systems offered in the older text-books are electrometers 
used heterostatically; but today more important and interesting examples are 
furnished by telephone cables and thermionic-valve circuits. 

A study of the field equations suggests that the magnitudes capacitance and 
charge may have some relevance to such systems. Thus, suppose that we have N 
conductors, distinguished by suffixes 1, .... 7m, ....,.... N, of which one is a screen 
surrounding all the rest; and that we consider the simple capacitor of which one 
plate is the conductor 1, characterized by v,, and the other all the remaining 
conductors, characterized by vp. If ¢,, is the integral of (4.6) taken over m, and 
C, is the capacitance of this simple capacitor, then we must have 


Pie Dm | | rae (10.1) 
7g a Vs Ar (10.2) 
U,— Up U1 —V 
where the summation excludes 1; and, if we define C,,,, by 
os Pm 
Cy pee eer & dace (10.3) 
we must have 
Ce, a Se a REC (10.4) 


Suppose now that we divide the conductors differently, taking 2 as one plate 
and all the others as the other plate. [he capacitance C, of this simple capacitor 
will have components C,,, defined analogously to (10.3). By selecting in turn 
each of the conductors as one plate of the simple capacitor, we can find all the C,,,,,. 
It is now found to be a consequence of the field equations that 


On. eS See (10.5) 
A more general consequence is that, if we assign to the conductors the values 
Vz) ++ ++Vyyy +++ Uny Which may all be different, then, if ¢,, and C,,,, are defined as 
before, 
Pm = AO ae Us), sot eee (10.6) 
A Se ed ae (10.7) 


where the summations extend over all the conductors. If we write Q,,=¢,,, 
Um —Un=Vmn» these become 


On= G ie } p> Q,,=0. MOL Tat CS (10.8) 


mre 


This clearly suggests that the C,,,, (which will be termed mutual capacitances) 
have the same physical significance as capacitances, and that, if the V,,,,, are identi- 
fied with the voltages between mn, the Q,, have the physical significance of charges. 
Indeed, the system of conductors should be equivalent to a set of terminals 1,....m, 
n,...., interconnected by simple closed capacitors of capacitance C;,,,._ The only 
difference between the system and a set of terminals interconnected by real simple 
closed capacitors is that each C,,,,, is determined, not by the configuration of two 
conductors only (namely the plate and its screen), but by the configuration of all the 


conductors. 
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Further, we should expect each Q,,, to be equal to some integral [ Idt, where [is a 


current that flows to or from it during its charging or discharging. It is un- 
necessary for our purpose to define these relations generally ; but it may be noted 


D 


that O 


x itt 


should be | Idt, where J is the current that flows in a circuit connecting 
“0 
the charged m to all the other conductors connected together. However, one 


matter requires more detailed attention. Hitherto, when Q has been the charge in 
a capacitor, it has been unnecessary to pay attention to the sign of Q, and the 
sign of / in the integral to which it is equal. Now Q,, is the charge ona single body, 
and, as (10.8) shows, it must sometimes be of one sign and sometimes of the other ; 
it is important to lay down rules by which its sign can be ascertained. Formally, 
in order to solve all problems, these rules should be given in terms of the red and 
black terminals of ammeters and voltmeters discussed in Part I. But, since there 
is really no difficulty in the matter for anyone practised in electrical experiments, it 
suffices to say that the charge in a simple closed capacitor is to be regarded as 
positive if the voltage of the plate relative to the screen is positive, and that, when 
we write ' 
O =| Sidi = ee eee (10.9) 

Jo 
Z must be the positive current flowing during discharge from the plate to the 
screen. 


Sil. PROPERTIES OF Ay COMP EEX! CARA CI NOR 


All these propositions about a,complex capacitor (for so we shall term a set of 
conductors such as is considered in the preceding section) are so far mere expecta- 
tions, based on suggestions derived from the form of the field equations. ‘There 
is a major difficulty in relating any of them to experiment. It is that, while the 
reasoning that leads to the propositions involves the assumption that the conductors 
are all isolated, any possible experiment requires leads between them. However, 
if we suppose that the presence of the leads does not destroy the equivalence 
between a complex capacitor and a set of terminals connected by simple closed 
capacitors, but merely modifies the mutual capacitances represented by the 
capacitances of those simple capacitors, then some experimental tests can be 
applied. 

Thus, the propositions indicate that the formula corresponding to (9.3) should 
be 


Wr= 3m Coan Vege. owes (1 I 1) 
where the summation is taken over all pairs without permutations. Since 
Vie Vas Vino=Vinn t+ Vino weeeee (11.2) 


there are only N~—1 independent V,,,,; by solving the N—1 independent 
equations (10.8), we can obtain them as linear functions of the Q,,. Substituting 
these values in (11.1), we have 


WeQ=32 PinrnQmOns siejehers ~CLL-3) 


where the #,,,,, are functions of the C,,,, subject to certain interrelations that need 
not be considered here. In an electrometer used heterostatically with insulated 
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terminals, F, should be —dWo/dq; accordingly (11.3) predicts certain laws 
relating the forces on the electrometer to the charges on its parts, in which the 
constants are functions of the mutual capacitances. It is possible, as in many 
similar instances in various branches of physics, to apply tests that assume merely 
that these constants are indeed constants, and that do not require any knowledge 
of their actual values ; if these tests are satisfied, some evidence will be obtained for 
the conclusions of this section without any detailed knowledge of the mutual 
capacitances. 

Qualitative tests of this nature applied to electrometers are partially, but not 
completely, satisfied ; it is almost certain that the discrepancies arise, not from any 
failure of the conclusions of this paragraph, but from the difficulty of taking into 
account a// the mutual capacitances and of otherwise fulfilling exactly the conditions 
postulated. Perhaps better evidence of this nature is derived from valve-circuit 
theory, where again important conclusions can be reached, independent of accurate 


knowledge of the mutual capacitances. But the accuracy possible in all such tests 
is very low. 


§12. MEASUREMENT OF MUTUAL CAPACITANCE: SCREENING 


However, if a set of conductors is indeed equivalent to a network of closed 
capacitors, representing the mutual capacitances as modified by the leads, the 


capacitances of these capacitors can be measured by apparatus of the kind shown in 
figure 1. 


Oe 


5 22 
Figure 1. Scheme for the measurement of the Figure 2 
mutual capacitance Cmn of any pair ot 
conductors m, n. 


Here 1, 2, 3, 4 are conductors within the screen S. Gisa generator with one 
terminal connected to 1; A,, Ag, Ay, Ag are ammeters with one terminal connected 
respectively to 2, 3, 4, 5S; all the connecting leads are as thin as possible. ‘The 
other terminals of the generator and ammeters are all connected together. ‘The 
ammeters are all of low impedance, so that the voltage between 1 and all the other 
bodies is V, measurable by a voltmeter across the generator, and there is no voltage 
between any pair of these bodies. 

If the generator and instruments had no effect beyond su pplying and measuring 
current and voltage, it would be desirable to place them within S, in order that the 
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leads should be as short as possible. Examination of the equivalent network 
would then show that the only current J,, through A,, is the current through the 
capacitor C,,,; consequently we should have 
L = Cin CV di (12.1) 

Since /,, is measurable by A,, and V by the voltmeter, Cj, could be determined. 
(10.4) would be necessarily true in virtue of Kirchhoff’s First Law and the method. 
of measurement. C,,, etc. could be measured by substituting the other bodies in 
turn for 1; but experiment alone could determine whether C,,,,, = Crm- 

But the hypothesis is not true. ‘The generator and instruments are really 
part of the system, having mutual capacitances with each other and with 172, 3543 2 
In order that (12.1) should be true in spite of these mutual capacitances, the gener- 
ator and ammeters are placed outside S, and connected to the conductors within S 
by leads passing through apertures in S; and each is surrounded by its own screen 
connected to a common terminal (see § 14 below). This is a simple example of the 
art of screening, which forms an important part of A.C. technique. We shall not 
discuss it fully here; for one of us has discussed it in a recent publication 
(Hartshorn 1940). But some statement of the underlying principle is desirable 

The principle involves more than that of the metallic cage mentioned in $6. 
The object of the screens is not to isolate the generator and instruments completely 
from each other and from bodies inside S; but, firstly, to limit the extension in 
space of the electric fields of the bodies within the several screens and, secondly, to 
direct the capacitance currents associated with those fields to appropriate terminals 
of the equivalent network; or, in other words, not so much to abolish capacitance 
currents as to direct unwanted capacitance currents into paths where they are 
innocuous. This function can be explained with reference to figure 2. 

The introduction of any conductor S between two others 1, 2, will decrease the 
mutual capacitance Cj, to (say) Cj,; but it will also introduce two new mutual 
capacitances Cis, Cos. ‘The total capacitance of the network between 1, 2 will 
become Cj, + CygC2s/(Cis + Ces), and this will always be greater than C,,. If, as. 
in figure 2, S surrounds both 1 and 2, Cj, will be very small and tend to zero with 
the area of the aperture in S; but the total capacitance will still be greater than Cy, 
in the absence of S. Accordingly S in itself increases rather than decreases the 
mutual reaction of 1,2. But if, as shown by the dotted lines, S is connected to the 
common terminal of the generator and amm:ters, the current through Cj, is 
diverted from the ammeter to the dotted connection, and the current through Cos 
is abolished, because there is no voltage driving it. 

The action of the screens in figure 1 can be understood in the light of this simple 
example. But that example is merely an illustration of the principle involved ; 
it must not be supposed that any feature of figure | is characteristic of all appli- 
cations of the principle. ‘Thus, it is not always desirable that each element should 
have its own screen, or that all screens should be connected to a common terminal. 
The application of the principle is so complex that it is scarcely possible to state any 
practical rule that is valid without limitation. 

Experiments are not often made in exactly the way indicated in figure 1; but 
the various bridge and resonance methods for the measurement of mutual capaci- 
tances often (called “direct” or “ partial’? capacitances by communication 
engineers, who are chiefly concerned with them) are extensions of the same 


4 


The experimental basis of electromagnetism 43 


principle, and depend upon (12.1) just as bridge methods for simple capacitors 
depend upon (3.1). These methods lead to consistent values in accordance with 
§§ 10, 11; in particular, such experiments fully establish the fact that C,,,,,, though 
dependent on the configuration of all the conductors, is not dependent on their 
voltages. The relation C,,,,=C,,,, can also be established with high accuracy, 
provided that, in performing the experiment, the generator connected to m and the 
ammeter connected to v have their positions in the network interchanged without 
any disturbance of the leads that penetrate S. The values obtained often agree 
well with those calculated from the field equations. The measurements made by 
Rosa and Dorsey (1907) on the complex capacitor (a central cylinder with guard- 
ring extensions), used in their determination of c, is an outstanding example. 
Such experiments provide the best evidence for the general theory of complex 
capacitors, i.e. in traditional language, ‘“‘ systems of conductors”’ 

Finally, precision methods of measuring the capacitance of standard capacitors 
are essentially methods of measuring mutual capacitance. It is therefore impos- 
sible in principle that they should lead to entirely definite values. For, as we have 
seen, the mutual capacitance of two conductors depends on all the other conductors 
with which it forms a definite group in the sense of §6; moreover, measurable 
mutual capacitances are always modified by the presence of leads; the very purpose 
of a standard capacitor forbids that it should always be associated with the same 
conductors or joined to the same leads. However, the margin of uncertainty can 
be made very small, e.g. 2 parts in a hundred thousand for a capacitance exceeding 
0-1 uF.; and, as indicated in §6, the rules of addition in parallel are satisfied by 
some values within this margin. 

In some exceptional circumstances it is possible to assign values to elastances. 
within a comparable margin of uncertainty, and to show that elastance is additive in 
series. But it will not usually be possible to prove this with high accuracy by the 
use of standard capacitors; for, as usually constructed, they do not satisfy sufh- 
ciently nearly the condition, stated in § 6, for the ideal addition of elastance. 


§13. ABSOLUTE CHARGE 


In the foregoing discussion the charge on a body has appeared as a property that 
it possesses in virtue of its relation to other bodies with which it forms a capacitor. 
On the other hand, in the classical theory of electrostatics, charge appears as an 
“absolute” property of a body, independent of its relation to any other body, and 
moreover, as one that can be measured without the knowledge of any of the algebraic 
laws involving charge, and, in particular, of those algebraic laws that concern 
capacitors. We have to inquire on what facts such a conception of absolute 
charge is, or could be, based. 

Suppose that a closed capacitor is charged by connecting the plate to the screen 
through a battery, and that the plate is then discharged by connecting it to the 
screen through an ammeter. If J is the current through the ammeter during the 
discharge, the charge acquired by the plate during the charging is given by 


OQ =|| Idt. Suppose now that the plate, after having been charged, is removed 
0 


from the screen in which it was charged and, remaining always insulated, is trans- 
ferred to the interior of another screen. If it is now connected to this screen. 
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~O 
through an ammeter, | Idt should have the same value as before, whatever the 
J 0 
form of the second screen, wherever the plate is placed within this screen, whether 
the first screen is insulated from the second, or whether a voltage, zero or non-zero, 
is maintained between them by a conductor or battery. In classical electrostatics 
this proposition is stated as a consequence of the theorem that the charge on a 
conductor resides wholly on the outside of it; but it does not follow from anything 
in our previous discussion. If it is true, it must be established by direct experi- 
ment. If it proves to be the fact that, whenever a body, charged aS part of a 


capacitor, simple or complex, is discharged to an enclosing shield, | Idi turns 
0 


out to be the same as the charge that it acquired as part of the capacitor, then 
charge will have a significance independent of any particular capacitor, though still 
not independent of the general properties of capacitors. 

The experiment would be difficult to perform with any accuracy, and the test 
has probably never been applied. But an equivalent test may be devised by 


noting that the law Q=CV is inseparable, according to our exposition, from 
0 


QO =| Idt. If, instead of discharging the body to the second screen, We measure 
0 


the capacitance of the closed capacitor, formed by the body and the second screen, 
and also the voltage across the capacitor, then we should find that, though C and V 
depend on the form of the second screen and on the position of the charged body 
within it, CV is independent of both and equal to the charge that the body acquires 
in the first screen. 

However, the test is still not convenient, since it requires the measurement of a 
different capacitance each time a charge is to be measured. The celebrated 
‘Faraday cage” is essentially a device for overcoming this difficulty. It is 
illustrated in figure 3, which shows diagrammatically the complete electrical 
system involved in any attempt to perform the experiment accurately. Here 
the internal screen 1 is the “‘ cage”’ into which the charged body 3 is introduced, 


so that 1 and 3 form a closed capacitor of which the product VC is required. An 


outer screen 2 surrounds 1, and a voltmeter V,, is connected between them; this 
arrangement provides another closed capacitor whose capacitance C\, and voltage 
V,. are accurately measurable. Now the complete capacitor 3, 1, 2 has that 
special form for which elastance is strictly additive (§6), and which is therefore 
completely represented by two simple capacitors in series, Cy, and Cj, in figure 3. 
Thus, when this complex capacitor is charged, which is the case when the body 3 
enters the cage 1, each of these simple capacitors receives the same charge. Conse- 
quently, if V, is originally zero, the value that it will acquire when the body 3 
bearing charge O enters the cage 1 is given by 


O=CyVi9, ee (13.1) 


where C,, includes the capacitance of the voltmeter. Accordingly a knowledge of 
C,, alone is required, and this 1s independent of the form of 3 and of its position 
within the cage. . 

It is now quite practicable to apply the test. 3 is given a known charge Q 
by charging a closed capacitor, of which 3 forms the plate and 4 the screen, to a 
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voltage V’,, by a battery between 3 and 4. 3 is now introduced into 1. If Vas 
were originally zero, it should now be given by 

rel ao = Calor Oa). > Ue Be (ay 2) 
If this relation is always fulfilled, we have a way of measuring the charge on a body 
independently of the capacitor in which it received its charge. 

V,, need not be zero originally. If it were not, then (13.1), (13.2) should be 
irue, if 6V,, is substituted for V,,, where OV, is the change of Vy, when 3fis 
introduced. This observation is important, because it leads to a method of 
measuring Q that does not require the prior establishment of methods of measuring 
Cand I, or indeed of any other magnitude. Suppose that the voltmeters V’,5, Vy, 
are originally uncalibrated. We make some mark on the scale of V4, and assert 
that, when its pointer stands at this mark, we are going to say that 3, being within 4, 
hasthe charge 1. We transfer 3 to within the cage, and, V,, having been originally 
zero, note the reading of V;,and call this 1. We discharge 3 to the cage (by virtue 
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Figure 3. The “‘ Faraday Cage” Figure 4. The preblem of 
Experiment. three charged bodies. 


Coulomb’s Law is an 
approximation for case (a) 

dv 
and Fr=—Q, 7 
proximation for case (bd). 


an ap- 


of principles already laid down, this should not change the reading of V,, and 
experiment confirms this), put 3 back into!4, charge it so that again it has charge 1, 
and transfer it again to the cage. The reading of V,, now we mark 2. Repeating 
the process, we get points'on the scale of V,, marked 3,4,.... In order to ascertain 
whether these marks on Vy) provide'a consistent scale of charge, we change the 
voltage V3, or the body 3, or both, until we find that, when 3 charged in 4 is 
transferred to 1, it causes V,, to change from 0 to 2. Then, repeating this process, 
we find that the second transfer changes’ V,, from 2 to 4. _ If the rules of addition, 
tested by a sufficient variety of such experiments, are always fulfilled, the calibrated 
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scale of V,, will measure charge, and we shall have established charge as an inde- 
pendently measurable magnitude; we shall have gone a long way to providing 
evidence for the fundamental postulate of classical electrostatics. Of course 
nowadays this independent measurement of Q is of little importance; it is easier 
and more accurate to measure Q as the derived magnitude CV. But it is remark- 
able that no experiment of this kind, so necessary as a starting point for classical 
theory, appears in either the standard treatises or the histories. However, this 
becomes less surprising when we observe that all the laws of physical addition, 
even those of length and mass, have almost always been accepted purely intuitively. 
They are so fundamental that the underlying assumptions are made unconsciously. 
It is, however, desirable that they should be brought to light. 

But, though we have now dissociated Q from any magnitude characteristic of 
capacitors, we have not rendered it entirely independent of them. It still is 
significant only in connection with the charging of capacitors. ‘Two further 
experiments are needed to establish complete independence. One arises from the 
discovery that bodies that have not be:n charged as part of a capacitor may 
produce a reading of V,, when they are introduced into the cage. In order to 
establish that the magnitude charge may fitly characterize such bodies, we must 
show that the introduction into the cage of m bodies, each of which when 
introduced singly gives the same value of 5V,,, gives a reading of 2dV 4.9. 

For the second experiment, we require two similar bodies 3 as shown in figure 3, 
and we break the connections of 2 and 4 to earth, and connect these screens 
together. We then have in figure 4 a complex capacitor consisting of three simple 
closed capacitors in series, namely those shown dotted in figure 3. Weconnect the 
two bodies 3 by a battery in series with an ammeter, and measure \ ldt, where J 
is the current that flows during the charging of the complex capacitance. We now 
remove 3 from within 1, and introduce into the cage 1 the body 3 which has been 
charged within4. We shall find that the charge on 3 so measured is \ [dt measured 
during the charging. We have then proved that the transport of a charged body 
between the two positions 3 in figure 2 has precisely the same effect, in respect of 
this apparatus, as the passage of a current between those two positions, so long as 
the charge on the body is \Idt, and vice versa. ‘This leads us to inquire whether 
the transport of a charge is equivalent to the passage of a current in respect of other 
apparatus, e.g. that for measuring the magnetic field produced by a current. We 
find that it is, so long as the path traversed by the charge during its transport is the 
same as the path of the current. When we have proved that, we have proved 
that charge has a significance wider than that of electrostatic experiments, all of 
which involve capacitors; we shall have proved, in the language of our ancestors, 
the “identity of all forms of electricity”’. 


S145 SAR EH 
Earth is a conception hardly less fundamental in classical theory than charge ; 
but the explanations offered of what constitutes earth* are usually very vague AiG 
? 


* We leave on one side problems concerning the ‘‘ atmospheric gradient” or old-fashioned 
telegraphy with an “earth return”. For in them “earth”? undoubtedly means The Earth 
But it is perhaps worth noting that there was a period (roughly that of the 1870’s) when election! 
nomenclature was becoming standardized and telegraphy was the only form of electrical engineerina 
The present uses of “ earth” are probably derived in some measure from “ earth returns ”’. ic 
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sometimes demonstrably false. In the absence of a formal definition the meaning 
of earth can be ascertained only by examining the statements that are made 
about it. 

Thus earth is the thing to which zero potential is assigned in conventional 
discussions of “systems of conductors’. Since differences of potential are 
voltages, it is the thing from which voltages are measured, i.e. the “zero plate” of 
§5. Nowif there is a terminal to which many more conductors are connected than 
to any other, it is clearly convenient to take that conductor as the zero plate. In 
apparatus containing many screens through which leads pass, and which are there- 
fore connected together, such as that of figure 1, the terminal to which the screens 
are connected is such a terminal. If therefore earth means the common terminal 
of screens in such apparatus, it has a clear significance in the light of our exposition, 
which is all based on the conception of capacitance. Moreover, such a use of the 
term would agree with ordinary laboratory usage; for such a common terminal 
is called “‘ earth” in that usage; indeed, the avoidance of earth in our discussion of 
screening must have appeared artificial to many readers. Further, the usage has 
strong justification; for in such apparatus the sheathing of cables almost always 
forms part of the screens, and this sheathing is always connected to The Earth. 

If, however, the observer and all his apparatus are enclosed in a complete 
screen through which no leads pass, this screen will always be used as the common 
terminal of less perfect screens within it and, so far as is possible, as one terminal 
of generators and detectors. ‘There is then no need that the screen enclosing the 
entire apparatus should be connected to The Earth; indeed, in a high-voltage 
laboratory that may be positively undesirable or impossible; one man’s earth may 
have to be another man’s H.T. terminal. Accordingly, even if earth could always 
be identified with a common terminal in the sense just described, it would still 
be necessary to recognize that ‘‘ earth”’ does not always mean The Earth, and, more 
generally, that there is no single body that can always be taken as earth. 

There is another statement about ‘“‘earth”’ made or implied in conventional 
text-books, especially in the description of the classical experiments of electro- 
statics, on which the whole subject is supposed to be based. It is that, if any 
charged body is connected to earth, it will be wholly discharged. According to 
§ 13, this will be true only if ‘‘earth”’ means a screen surrounding the body com- 
pletely or practically completely. If that is what “earth” means, earth cannot 
possible be a single body everywhere at the same potential; for, if there are two 
charged capacitors in series, the screen of one is necessarily the plate of the other. 
Nevertheless, the use of ‘‘earth”’ in this sense may have some significance in 
connection with the said classical experiments. For if they were conducted in the 
open, some of them would fail owing to the Earth’s atmospheric gradient; if they 
are to succeed, they must be conducted within a screen, which will have to be the 
more complete, the more accurate the real experiments. ‘The classical experiments 
are so inaccurate that the very incomplete screen formed by the partially conducting 
walls, ceiling and floor of the building in which they are conducted may suffice. 
When a charged body is discharged by touching it with the finger or with a wire 
connected to the water pipes, that may be because such contact provides a sufh- 
ciently conducting path between the body and the imperfect screen by which it is 


surrounded. 
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But another explanation is possible. The charge in a capacitor will be greatly 
reduced if its terminals are connected to an uncharged capacitor of much greater 
capacitance. It is possible that a charged body is discharged by the finger of the 
observer, not merely because he provides a conducting path to the screen, but 
because his body forms with all those conductors, with which the charged body has 
mutual capacitance, a capacitor of much greater capacitance; or, more simply, 
because his body is much larger than the body he discharges. 

This, we suggest, is the basis of the curious statement to be found in some well 
known text-books (it appears to have grown commoner during the last generation) 
that The Earth acts as an “‘ earth”’, because its capacitance is much greater than that 
of any body concerned in terrestrial experiments. But, though it may provide the 
basis, it provides no justification. For, firstly, the statement is not actually true; 
the capacitance of The Earth, as ordinarily calculated, is no greater than that of 
certain electrolytic condensers that are often used in laboratory experiments. 
Secondly, and more important, the capacitance of ‘The Earth cannot possibly have 
any relevance to any terrestrialexperiment. The facts that give significance to the 
conception of the capacitance of a single body (not of a pair of associated bodies) are 
these: (they are predicted by the field equations and confirmed by experiment.) 
If in a closed capacitor the distance between the plate and the screen is increased 
without limit, the capacitance of the capacitor tends to a lower limit; the capaci- 
tance of a single body means this lower limit towards which the capacitance of a 
closed capacitor tends. But since there is no accessible conductor whose distance 
from The Earth is large compared with The Earth’s dimensions, this limit can have 
no relevance to experiments conducted on The Earth. 


$ 15. POINT CHARGES 


Point charges play a very important part in classical theory—much more 
important than that which they play in experimental physics. It seems therefore 
important to show that the propositions that we have set forth lead to the chief 
propositions about points charges. (These are Coulomb’s law, and 

B=e¢ =e :dufdg,. © oi> =e eee (15.1) 
where F is the force in the direction of the coordinate of g acting on a point charge e 
in a field of potential v (§5)). 

Let us consider then the force between two charged conductors, which should 
lead us to Coulomb’s Law. For reasons already given we must include in our 
system an earth, 1.e. a third conductor surrounding the two small ones (figure 4a) ; 
but in order to simplify the problem we shall assume that the third conductor is 
so large that the distance r between 1 and 2 is very small compared with their dis- 
tances from 3, but large compared with the linear dimensions of 1 and 2. Unless 
the charges on 1 and 2 are equal and opposite, there must be a charge equal to their 
difference on the inner surface of 3; there may also be charges on its outer su rface, 
but they do not concern us. We have from (11.1) with an obvious notation 


Wy = 3(CyV i, + Co3V25 + CiaVe) = ee (15.2) 
with O, oS CG. ne ae Cys ae. ec cewe (i533) 
O: = Cio V ait Coal a as ree .(15.4) 


Vis Ven Vs (re (15.5) 
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Substituting for the Vs in (15.2) from (15.3, 4,5), we find after some reduction 
ZW (Cy2C 33 + CosC yg + Cig) = OF(Cye + Cos) + O2(Cip + Cys) +20, 02Ci2- 
bee CSS), 
In case (a), if the bodies 1 and 2 are small compared with their distances from 
the screen and from each other, C,, is small compared with each of Cys, Cons ait 
follows then from (15.6) that, if , is the force tending to increase the distance r 
between 1, 2, then 


neal erat D(C 
. = — ‘Gis =H Oe = | = L()e = |S ee 12 
te {10% (=) +1085 (=) +00, Fatenca) 


Now, according to a well known result (see e.g. Jeans, Electricity and Magnetism, 
§ 116), if a, 6 are the radii of spheres to which the bodies 1, 2 approximate, and if 
ab <r ; 

Coke ACR Cas navire 8 8 ey (15.8) 


where « is the permittivity of the medium surrounding the bodies. Hence the 
terms of (15.7) in Of and Q3 vanish, and we have 


F,= ~—Q,Q,.d/dr(ab/r.Uf2ab) see (15.9) 
BO Ont BO sn (15.10) 


which is Coulomb’s Law. ‘Thus, although the law is not strictly true for.small 
charged conductors, as is obvious from (15.7), it is an approximation that becomes 
true in the limiting case in which the charged bodies become infinitely small. 
Consider now the force ona single small charged body 2 in the field between two 
large bodies 1 and 3 (figure 4b). This is another case of the general problem of 
three charged bodies, and (15.6) again holds; but now Cj,, Cj; are both smal 
compared with C,,, as in (say) the oil-drop experiment. So we have 


af aw 1 
P= —dWo/dq 201 dq ce 22 dq (= ni <:) 


= ae i 15.12} 
0,0, ACs oe (15.12) 


where g determines the position of the small conductor relative to the large ones, 
whose relative position is constant. 

The term in Of represents a force, important in some circumstances, tending 
to bring 2, even if it is uncharged, into the region where the field due to the charges 
on 1 and 3isstrongest. Since ein (15.1) is our Q,, there 1s no corresponding term 
in (15.1) independent of Q,. The term in Q} represents (in conventional 
language) the ‘‘image force” between Q, and the charges that it “induces” in the 
large conductors. If v is independent of Qg, as the form of (15.1) suggests, there 
is again no corresponding term in (15.1); but one can be introduced by including 
in va part due to the “ induced charges”’; a part due to the charge Q, on 2 must not 
be introduced, for such a part would not give rise to a force on 2. Accordingly 
(15.1) in its natural interpretation is at best an approximation valid only when the 
terms of (15.7) in Q} and Q3 are negligible. ‘That in G7 is negligible, if the field 
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due to the charges on 1 and 3 is sufficiently uniform and the dimensions of 2 sufh- 
ciently small. ‘The term in Q} is negligible, if Q,/Q, is sufficiently small and if 
also 2 is sufficiently far from 1 and 3; for, when it is far from 1 and 3, dC,,/dq and 
-dCy,/dg tend to be equal and opposite. 

' Tf these conditions are fulfilled (15.7) reduces to 


ri A ge | Gy ) ae 
= — eR re EN 153 
Fa Qe dq Gr | Cys Caaf C23) 


and this is the equation that really has to be compared with (15.1). In that 
equatign v is the potential relative to the screen 3 of the point occupied by 2, when 1 
is at its actual potential Vj, ‘This may be identified with the voltage that would be 
established between 3 and a small uncharged conductor in the position of 2, if the 
voltage between | and 3 were increased from 0 to V3. Thesmall conductor, being 
‘insulated, cannot become charged during the process; and we have from (15.4) 


0 = Cy Voq + Cog V 23 = Cro(v ~ Vig) + Cogv 


or 
D= Vie. Cys) Crass ee) oe (15214) 
Hence (15.13) becomes 


d Uv 2 

Fy= —Q103 « h(a) ers (15209) 

-or from (15.3), 

ro ee |e 5) 
OF* i (< OPE Cae) ee 
(15.16) is identical with (15.1) only if Cy.V,.<Q,. This does not follow 
immediately from (15.3), (15.4) together with O,«<Q, and (Cy, Co3)K Cig; for 
the two terms in (15.4) may be of opposite sign. But it can hardly be doubted that 
there are conditions in which (15.16) approaches (15.1) as a limit as Og approaches 
zero. We leave to the mathematician the task of deciding exactly what those 
conditions are; they will certainly involve the interpretation given to v in (15.1). 
Further, a correction, which will certainly involve terms in Q,/Q, only, has to be 
made for the fact that, while (15.1) relates to a state in which V,, remains constant 
during the motion of Q,, we have calculated the force on the assumption that QO, 
remains constant during that motion. It is sufficient for our purpose to note that 
(15.1) can be deduced by the argument that we have presented only as a highly 
s ecialized limit. 

The complexity of the argument necessary to deduce the very simple classical 
_ formula (15.1) may suggest the criticism that, though our exposition of electro- 
statics may be ultimately sounder than that of classical theory (at least if that 
theory is supposed to have any relation to experiment), the classical treatment is 
always to be preferred in dealing with any practical problem. We reject any such 
suggestion. ‘I'he physicist who applies the simple formula (15.1) to any real 
experimental system must always make due allowance for the difference between 
his actual system and the ideal system for which the formula is strictly valid. The 
simplicity of (15.1) is obtained only at the cost of complexity of interpretation in 
terms of measurable quantities, and our methods remove this complexity. For 
general problems in experimental physics we suggest that our methods are far 
-more perspicuous physically, and no more difficult algebraically, than classical 
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methods. ‘This is particularly true of the problems (§§ 10-12) arising in “systems 
of conductors”; actual experience has convinced us that the treatment of such 
problems in terms of the equivalent capacitance network has great advantages. 


Slo eCHAR EE SRONSNSWlARO RS 


[t has been assumed in the two preceding sections, explicitly or tacitly, that 
charged bodies are always conductors. This is not true. Of the bodies which, 
when introduced into a Faraday cage produce a non-zero 8 V9, some are insulators. 
Such bodies cannot form a plate of a capacitor, cannot be charged or discharged by 
a current circuit, and have no measurable voltage to other bodies: accordingly 
many of the propositions of those sections have no application to them. Never- 
_ theless they have a determinate charge, because they satisfy the criterion of § 14, 
namely that » equivalent bodies, introduced together into the cage, produce n 
times the effect of one of them. Further, if we suppose that a conductor and an 
insulator, having the same charge according to the Faraday cage, differ only 1n the 
distribution of the charge, all propositions concerning point charges must be 
equally true of both of them; for in the limit when the dimensions of the body are 
zero, the distribution of the charge in the body cannot matter. Accordingly 
(15.1) can be applied to the measurement of the charge on an oil drop, by observing 
the force on it in a uniform field, although the drop may be an insulator; or to the 
deflection of a cathode ray in an electric field, without making an assumption about 
the constitution of an electron, except that it is small and charged. 

But the distribution of charge on an. insulator enters into other problems. 
They can be solved in a manner that we shall not discuss in detail by means of a 
proposition about the relation between the field v (§ 6) about an insulator and the 
distribution of charge in and over it. ‘The conventional proposition is that if o is 
the surface density of the charge and p the volume density, then v must satisfy the 
differential equations 


Deeks 
; 4n0= (2 Se =), Shee (16.1) 
where 7, 71, are the normals to the surface on opposite sides of it 
d [{ dv d/{ dv d {_dv\| 
tp=— {2 («F) +5 («E) aleg)e ete (16.2) 


‘The direct evidence for these propositions is very slight. Some evidence in 
favour of (16.1) can be obtained by means of “ proof planes”’, i.e. small conductors 
applied to the surface of the insulator and then transferred to a Faraday cage, if it is 
assumed that the proof plane takes up the surface density of the surface to which it 
is applied. (It may be noted incidentally that, by means of proof planes, evidence 
can be obtained for the presence of the charges —Q, and +Q, on the inner and 
outer surfaces of the intermediate plate of the two capacitors in series discussed in 
$5.) Volume charge can be detected only by breaking the body and transferring 
the fragment to the cage. Actually volume charges in solids are at present of little 
experimental importance. ‘T'he force between two bodies, one at least of which is 
an insulator, arising from their charges, can be obtained by means of a proposition 


4-2 
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that might have been stated earlier. It can be shown by purely mathematical 
reasoning that (11.1), (11.2) are equivalent to 


t rer dv\" dv\? dv\* 
S = = —T Se é yi Be eoreee 16.3 | 
W alll fel (F) 1 (5) a (=) \atvdya ( ) 


e energy holds even when some or all of the 


It is assumed that this formula for th 
his assumption, together 


charges reside on insulators. The results deduced from t 
with (16.1), (16.2), apparently agree with such experiments as can be made. 
Finally, it might appear that, if the dielectric forming part of a capacitor were 
charged, the rule for calculating capacitance given in $4 would no longer hold. 
Experiment, in accordance with deduction from (16.1), (16.2), shows that such | 
charges, though they modify the values of v, do not modify the capacitance. 


§17 INDUCED CHARGE 


In the conventional exposition of electrostatics a magnitude called induced | 
d to a discussion how far | 


charge is introduced, and considerable space is devote 
“induced”? and “real”? charges have the same properties. "The expression | 
induced charge is often useful in drawing attention to the fact that, when an insu- | 
lated conductor is introduced into an electric field, the distribution of the charge 


onit, as measured by ¢,, changes, while its total charge, measured by | lat, does not. 


But it appears to us that attempts to give the expression definite quantitative 
significance introduce confusion rather than clarity. 
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ABSTRACT. 'To meet an urgent demand for a hygrometer capable of use at all heights | 
in the atmosphere, the dew-point hygrometer, which is shown to have many advantages, 
has been developed primarily for use in aircraft to measure dew-points, or rather frost- 
points, down to —90° c. 

It is necessary that the instrument should operate at the lowest possible frost-points 
as it has been discovered that the air in the stratosphere is very dry. Laboratory studies 
of the deposition of water and ice from the vapour at low temperature are described. 

Below —90° c. it is not possible to operate a frost-point hygrometer because the deposit 
is in the form of an invisible glassy layer, but the instrument gives correct results at 
temperatures close to this limit. 

Details are given of the construction of different forms of hand-operated hygrometers. 
and work is now going on to develop a fully automatic frost-point hygrometer. ’ 
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§1. INTRODUCTION 

ETEOROLOGIsTS have long felt the need for an instrument capable of 

measuring the water content of the upper air at altitudes where the 

low temperatures preclude the use of the usual methods. The method 
of measuring the water content of air, or any other gas, down to a concentration 
of 0-4 mg./m? which is described here, has been developed primarily for use 
in the upper air from aircraft, but it is quite suitable for experimental use for any 
other purpose. 

The interest in the humidity of the upper air is due to the fact that the water 
content at any level usually gives an indication of the past history of the air at 
that level. For this particular problem a hygrometer is needed which retains 
its accuracy at very low relative humidities, for instance one which can dis- 
tinguish between 1°, R.H. and 2°, R.H. in air at a very low temperature. To do 
this the hygrometer must be capable of measuring small quantities of water 
vapour with an accuracy not previously attainable. 

The average temperature of the stratosphere in temperate latitudes is 
about —56°c. (This is the temperature of the stratosphere in the ICAN 
standard atmosphere), and air saturated at this temperature would have a water 
vapour content of about 18 mg./m? When this work was begun it was expected 
that this concentration, or a value only slightly below it, would be the lowest 
that would have to be measured. When, however, flights were made into the 
stratosphere it was found that the relative humidity there was of the order of 
only 1 or 2%, corresponding to saturation temperatures down to —80°c. In 
order, therefore, to measure the water content of the stratosphere it has been 
necessary to develop a hygrometer capable of measuring water contents of less 
than 1 mg./m? 

Most of the hygrometers ordinarily used in meteorological work are quite 
unsuitable for use at low water contents and low temperatures. At low 
temperatures the usual wet and dry bulb psychrometer has a vanishingly small 
temperature difference even for 0°4 R.H., and also the constant in the psychro- 
metric formula is in doubt (Griffiths and Awbery 1935). ‘The hair hygrometer, 
the gold-beater’s skin hygrometer, and other hygrometers employing organic 
elements sensitive to relative humidity have a large lag which increases rapidly 
at low temperatures so that they cannot be used. Electrical conduction 
hygrometers, such as the Gregory humidiometer, have a large temperature 
coefficient, which seriously interferes with their use at low temperatures, while 
in addition the lag increases to an undesirably large value. For further discussion 
of these difficulties, reference may be made to Ebert (1937) and Simons (1936), who 
discuss the difficulties of low-temperature hygrometry. Gluckauf (1945) discusses 
the effect of lag on the hair hygrometers in meteorograph mzasurements and 
Diamond et al. (1940) discuss the properties at low temperatures of the electrical 
hygrometric element of the U.S. radiosonde. Dymond (1947) gives a similar 
discussion for the gold-beater-skin element of the British, Kew pattern, radiosonde ; 
he also quotes results obtained by Harrison and Brewer (1944) of comparison 
ascents in which an aircraft, equipped with a hygrometer of the type described in 
§3 of this paper, circled an ascending radiosonde balloon. 

The only methods which appear at all practicable are the dew (or rather 
hoar frost) point hygrometer, and a radiation absorption method. ‘The latter 
method could only be operated in the 6-7 u absorption band on account of the 
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very small quantities of water involved and, even so, would require very long 
absorption paths. 

The optical absorption hygrometer was carefully considered, but it was 
decided that it would present difficulties at very low vapour pressures and also 


much basic work on the absorption by water vapour of infra-red radiation at. 


low pressures and temperatures would be required. The radiation method is 
most likely to be successful if the absorption of solar radiation in the 6°7 » band 
is measured, so as to give the total water absorption above the observer. 

The dew point hygrometer on the other hand has been used by several 
workers down to about — 30° c. without giving special difficulties and it seemed 
hopeful that it could be developed to operate at much lower temperatures. 
The instruments described here have been used regularly at frost-points down 
to —80°c., but there is a natural limit to their operation at about — 90° c. which 
will be discussed fully in §2. Since throughout this work the water contents 
measured have almost invariably been below the saturation vapour pressure 
at 0°c., the instruments are usually referred to as frost-point hygrometers, 
particularly as they are more sensitive to a hoar-frost deposit than a dew deposit, 
and this name will be used below. 

The frost-point hygrometer has many advantages. ‘The water content 
is measured upon a nearly logarithmic scale quite independent of the actual 
air temperature, and this makes for high discrimination at low relative humidities, 
provided that the water content is not so very low as to correspond to a frost- 
point below —90° c. For meteorological purposes also the observations can be 
used directly by considering the frost point, usually plotted with the air tempera- 
ture, upon a thermodynamic diagram. For use in an aircraft, it is also very 
helpful to be able to bring the air into the aircraft in a duct and measure the frost- 
point in a convenient apparatus, for, provided that the walls of the duct do not 
give off or absorb water vapour, then there is no change in the dew- or frost-point. 
A hygrometer which measures the relative humidity has, by comparison, many 
difficulties. Another very real practical advantage is its basic stability. For 
calibration it is only necessary to calibrate the thermometer which measures 
the thimble temperature. ‘The thermometry involved is very simple, and re- 
calibration is not normally required even after long periods of either use or disuse. 


Another advantage is that supersaturation which is not uncommon in the upper. 


air is shown quite simply, as the frost-point is then measured as being higher 
than the air temperature, which is measured separately. 

To illustrate the practical use of the frost-point hygrometers described below 
the results of two ascents are shown in figure 1 and figure 2. Figure 1 is an ascent 
to 12 km. made during unsettled weather and shows moist air in the troposphere 
and the usual very dry air in the stratosphere. Figure 2 is an ascent to 4 km. 
made in an anticyclone with observations at frequent intervals to show the 
details of the distribution of water vapour in the stable layer between 1 and 2 km. 
Both these ascents were made with eye-observation instruments of the type 
described in §3. It is hoped to discuss the meteorological aspects of these and 


other ascents elsewhere. 
§2. DEPOSITION OF WATER VAPOUR AT VERY LOW TEMPERATURES 


In addition to the obvious difficulties involved in observing very small 
amounts of dew or frost, a number of practical difficulties are found when the 
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Figure 1. TF rost-points and air temperatures observed on Boscombe Down, 30 May 1945. 
13.00 G.m.T. The frost-point at the top is the lowest yet observed. 
(Reproduced, by kind permission, from the ‘ Proceedings of the Royal Society ’-) 
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Figure 2. Frost-points and air temperatures observed in an anticyclonic inversion. 21 March 1945. 
(Reproduced, by kind permission, from the ‘ Proceedings of the Royal Society ’.) 
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humidity of very dry air is measured by the frost-point type of hygrometer. 
Some of these have a wider interest. They may be summarized as follows :-— 


(a) Uncertainty whether the deposit is dew or hoar frost. 

(b) Hoar frost is not necessarily deposited when the thimble temperature 
is below the frost-point. 

(c) Slowness of deposition and evaporation at low temperatures. 


(d@) Gradual change in the character of the deposit with falling frost-point, 
from large white ice crystals, through a rather uniform white deposit, 
to a bluish bloom, and finally to an invisible glassy film. 


We shall consider each of these difficulties in turn. 


(a2) When water vapour is deposited on a solid surface below 0° c. it does ° 


not follow that ice crystals will be formed. If the surface is polished and clean, 
dew will generally be deposited down to temperatures as low as —40°C., while 
by taking special precautions it is possible to form dew on a solid surface at any 
temperature down to —100°c. If the surface is not very clean ice may be 
formed at temperatures well above — 40° c. 


Table 1. Saturation vapour pressures on water and ice 
(Brunt, Physical and Dynamical Meteorology) 


Temperature (°K.) 970 260. 250 240°9 230 = 230 me 10 200 

Rae 5d over water 4-89 2-25 0-97 0-38 0-14 0-045 0-013 0-0035 

Sb TBO) epee 4:76 1:98 0-77 0:27 0-09 0:027 0-007 0-0017 

Ratio = e106 OF) 88 “99° 71-65 “Recnwes4 49 
v.p. water 


If ice is deposited at, say, —5°c., a few big crystals are formed. On the 
other hand if dew is deposited at the same temperature, the surface is uniformly 
covered with very fine droplets. There is, therefore, no difficulty in distinguishing 
between dew and hoar frost at such temperatures. At lower temperatures, say 
about —30°c., to —40°c., both dew and hoar frost may cover the surface with 
small water drops or fine crystals and it is, at times, very difficult even for an 
experienced observer to be certain whether a deposit is dew or hoar frost. “Table 1 
shows the saturated vapour pressure over water and over ice at different 
temperatures, and also the relative humidity, with respect to water, of air saturated 
with respect to ice. It will be seen from these figures that it is important to be 
sure of the character of the deposit. For this reason much time was spent in 
trying to find a surface, suitable for the thimble of a frost-point hygrometer, on 
which the deposit would always be either water or ice. Unfortunately, although 
clean surfaces were found which had such properties when freshly made, they 
tended to lose these properties when they became old. (Further details of this 
work will be published in another paper and it will only be summarized below.) 

On a freshly made clean zinc surface, formed by deposition from the vapour 
in a vacuum, ice crystals are normally formed at all temperatures below 0° c. 
A surface of freshly cleaved mica is the extreme opposite to zinc and it seems 
impossible to form ice crystals initially on such a surface, a uniform film of water 
being always formed at first at all temperatures down to — 100° c., though it may 
freeze later. Both these surfaces soon “‘age”’ and then they act more like other 
common surfaces, dew being formed above about —30°c. to —40°c. and hoar 
frost at lower temperatures. A cadmium surface is similar to zinc, while a 
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polished aluminium surface is more like mica. All polished metal surfaces have 
a greater tendency to have dew deposited on them than crystalline surfaces of the 
same metal. When measuring saturation temperatures at which either dew 
or hoar frost may be formed and are difficult to distinguish, we find it best to 
cool the thimble sufficiently to freeze any deposit of dew and then to allow it to 
warm up until this ice deposit has nearly, but not quite, evaporated. 

Various experiments were made to try to “‘seed” the thimble surface so that 
hoar frost would be formed instead of dew, but without success. Crystalline 
‘quartz dust appeared to be a likely substance since both quartz and ice form 
hexagonal crystals. It was, however, quite without effect, and even if quartz 
crystals were dropped into supercooled water, they had no more tendency to 
cause crystallization than glass dust. It has been suggested that quartz dust 
in the atmosphere would form natural nuclei on which water vapour would 
sublime at low temperatures to form ice crystals, but apparently this is not the 
case. 

It is of some interest to note that dew can be formed on most surfaces at any 
temperature above about — 100° c. if the proper precautions are taken—the dew, 
of course, often freezes rapidly after being formed. Thus, if the thimble of a 
dew-point hygrometer be cooled to a low temperature in a current of air which is 
so dry that no deposit is formed and then a puff of damp air is admitted, dew 
will be formed on the thimble. Even if the thimble has a number of ice crystals 
scattered over it dew will be formed on the surface between the crystals. 

A further point of interest is that two supercooled water droplets may grow 
on the thimble until they touch and coalesce and they will still remain liquid. 
Thus it appears probable that supercooled cloud and rain droplets which may 
collide in the air will not necessarily freeze as has sometimes been suggested. 

(b) When the thimble of a dew-point hygrometer is cooled and hoar frost is 
‘deposited, it is almost always found that the hoar frost is not deposited im- 
mediately the thimble temperature falls below the frost-point, but that it has to 
be cooled nearly to the dew-point before any deposit is formed. The temperature 
of the thimble when the first trace of frost appears is therefore not a good indication 
of the frost-point even if the thimble be cooled very slowly. Nor is the mean 
of the temperatures when a deposit is first seen on cooling and last seen on 
warming an accurate measure of either dew- or frost-point. One must find the 
temperature of the thimble when the deposit is neither growing nor evaporating. 

(c) At the lower temperatures, say — 70° c. and — 80° c., the amount of water 
-vapour in the air is so small and the vapour pressure is so low, that both the 
growth and evaporation of the deposit are very slow. If an eye-observation 
instrument is used, it is necessary to wait at least a minute with the thimble 
held at a constant temperature to be sure whether the deposit is Just growing or 
just evaporating. ‘This makes the measurement very tedious and the photo- 
electric depo it indicator has the great advantage that a small change in the 
amount of the deposit can be quickly seen. 

(d) As drier and drier air is used in a frost-point hygrometer the nature 
of the deposit gradually changes. For frost-points above about —30°c. the 
deposit, if ice, consists of relatively large white crystals which can easily be seen 
with a magnifying lens. At lower temperatures the deposit consists of a uniform 
layer of fine crystals, and below a temperature of about —70°c. these crystals 
are so fine that a thin deposit has a definite blue colour, while at about — 80° c. 
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the deposit is often difficult to see and appears as little more than a faint bloom 
on the thimble. At still lower temperatures no visible deposit is formed at all, 
and the water vapour is apparently condensed as a uniform glassy layer. Even 
if the thimble be first coated with a thin layer of hoar frost and then cooled to say 
—120°c. in air of frost-point about —100°c., the deposit does not appear to 
grow, even if it is measured by the very sensitive photoelectric deposit indicator 
described later. That a layer of glassy ice is actually formed in the above case 
when the thimble is cooled below the frost-point in very dry air is shown by the 
following experiment. he thimble is first cooled to, say, — 120° c. in a stream 
of extremely dry air (obtained by passing air through a spiral, cooled in liquid air), 
then air of frost-point about —70° c. is passed for a minute or two, during which 
time there is no visible change in the thimble surface ; the extremely dry air 
is then again passed and the thimble slowly warmed. As the thimble warms up 
to a temperature of —90° c. to — 80° c. a deposit appears to form although it is 
in air of frost-point far below this temperature, and if held at this temperature 
the deposit slowly evaporates again. ‘There seems no doubt that an invisible 
deposit of glassy ice is deposited at the very low temperature and that as it warms. 
up to about —90°c. it begins to turn into crystalline ice. The formation of 
glassy ice at low temperatures was confirmed by an experiment made in a vacuum. 
A molecular beam of water vapour was directed against a cooled polished gold 
surface which was illuminated with monochromatic light. When the tempera- 
ture of the surface was above about — 90° c. a visible deposit was formed as usual 
and no optical phenomena were observed. When the temperature of the surface 
was below —90° c. Newton’s rings were observed, and these moved as the layer 
of glassy ice increased in thickness. If, after deposition at very low temperatures, 
the surface was slowly warmed, the deposit changed on passing a temperature 
of about — 90° c. to a translucent layer and the rings disappeared. 

This phenomenon of the formation of glassy ice is unfortunate since it appears. 
to set a lower limit to the frost-point which can be measured with such an instru- 
ment. ‘Though this limiting temperature is low, about —90° c., frost-points. 
have been observed in the stratosphere almost down to the limiting values, and 
we should certainly like to be able to measure still drier air. 


§3- DESCRIPTION AND USE OF THE HYGROMETERS 

The essential purpose of the instrument is to ventilate with the air under 
measurement a surface covered with dew or frost, and to find the temperature 
of the surface at which the dew or frost is in equilibrium with the air. The 
prime requirements of the instrument are therefore (a) a properly ventilated 
surface, the temperature of which can be easily and smoothly controlled and 
accurately measured, and (b) satisfactory arrangements to determine whether 
the deposit of dew or frost is changing. In the visual hygrometer any change 
in the amount of the deposit is judged visually, and the eye is given as much 
assistance as possible. 

The test surface is formed by the top surface of the thimble, seen in the 
diagram (figure 3). It is a relatively massive piece of pure aluminium and is, 
for special reasons, anodized and dyed black. Its thermal inertia prevents too 
rapid changes in temperature. Its temperature is adjusted by balancing a 
controlled cooling against natural heating, which is provided by the heat of the 


air stream ventilating the top of the thimble and by thermal conduction from. 
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other parts of the instrument. The conduction is kept at a low value by 
supporting the thimble on a sheet of paxolin }” thick, and surrounding the skirt 


with a sleeve which prevents heating of the skirt by convection. An electrical 
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Figure 3. Diagram showing the principle of the eye-observation frost-point hygrometer.. 
(Reproduced, by kind permission, from the Proceedings of the Royal Society ’.) 
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‘heater is wound on this sleeve for use when natural heating is insufficient. Its 
use is discouraged by introducing a switch for the electric supply which must be 
held on during the period that additional heating is required. 

The cooling is carried out by forcing a coolant as a jet against the hollow base 
cof the thimble. The pump used for this is a small, hand-operated piston pump 
carefully designed to give the minimum conduction from the coolant to the top 
of the pump, and also to give reliable operation under the conditions of use. 
Excessive conduction to the upper parts of the pump is undesirable both because 
of the loss of coolant which results and also on account of the large amounts of 
hoar frost which accumulate on the exposed parts of the pump. ‘The pump is 
held by a flat bayonet joint in a flange at the top, which attaches it to a part of the 
main structure of the instrument entirely separate from the thimble. The object 
of this design is to avoid conduction from the top of the pump to the thimble. 
The coolant used in the hygrometer shown in figure 3 is a mixture of alcohol, 
acetone or petrol with solid carbon dioxide. This cools the petrol, alcohol or 
acetone, which is contained in the pump and which is pumped up against the 
thimble and then drains back into the pump where it is again cooled ready for 
recirculation. This is necessary on account of the difficulty of pumping a sludge 
of solid carbon dioxide. 

The hygrometer shown in figure 4 is a modification of that of figure 3, re- 
designed for use in aircraft with a pressure cabin. It is essentially intended for 
use at very high altitudes where carbon dioxide cooling is inadequate. ‘The 
refrigerant used in this case is liquid air, and the liquid air itself is circulated by 
the pump. For this reason a supply valve is fitted at the bottom of the pump 
and there is an outlet hole in the side. The liquid air pump must operate at 
atmospheric pressures down to 150 mm. of mercury, and since the liquid air is 
boiling, considerable difficulty is experienced in getting the liquid air into the 
pump during the upward stroke of the piston. For this reason the liquid air 
inlet valve at the bottom of the pump must be easily operated and of generous 
SIZE. 

The thimble is of pure aluminium and is of such proportions that, with its 
relatively high thermal conductivity, any significant temperature differences 
between different parts cannot be maintained except for a very short time. It is 
thus possible to measure the temperature of the thimble top by a resistance thermo- 
meter wound on the skirt. For use in aircraft, a resistance thermometer is 
preferable to a thermocouple thermometer since very much greater power is 
obtainable from it to operate an indicator, which can therefore be made more 
robust. Also the resistance thermometer permits measurement of the thimble 
temperature, and hence the dew-point or frost-point, directly, and this in practice 
is another advantage. A very satisfactory thermometer is obtained by cutting 
a very fine thread, 100 turns per inch or finer, on the skirt of the thimble. Two 
fine skew holes are also drilled in the walls of the skirt and the thimble is then 
anodized, thus providing an excellent insulating coating upon the thread and 
in the fine holes. Leads of enamelled copper wire of moderate gauge are then 
cemented in the skew holes with a bakelite cement in such a way that a tip of the 
copper wire just protrudes and to this the resistance wire is soldered. The 
resistance thermometer wire, of 50 1 diameter bare platinum, is soldered first 
to the projecting tip of one copper lead and then wound down the thread on the 
‘skirt to the other lead, to which it is soldered. The wire lies at the bottom 
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of the groove of the thread so that the bare wire is brought into a very intimate 
contact with the thimble and a thermometer is formed with no detectable lag. 
To protect the winding and improve the contact the sides of the thimble are: 
given a coat of bakelite varnish which is baked on. ‘This technique of winding 
a fine bare wire in an anodized thread cut upon an aluminium surface has proved 
useful in several ways; it is, for example, used in the heater which surrounds the: 
thimble. 

The top surface of the thimble, the test surface, is ventilated by a stream of 
air from the jet which is a 1 mm. diameter hole pointing downward at an angle: 
of 10° and directed at the centre of the test surface. Air from outside the aircraft 
is supplied to the instrument through a short length of clean 4” copper tube. 
A rapid stream of air passes constantly through the tube and a small proportion 
is forced to flow through the hygrometer jet by reducing the outlet of the tube 
to 3/16”. The surplus air which flows through the 3/16” hole serves to keep all 
the supply pipes well scavenged and is utilized to. provide a forced ventilation 
to the illuminating lamp. 

It is not satisfactory to use daylight as a source of illumination for viewing 
the deposit because in an aircraft the illumination is liable to rapid changes. An 
artificial source of illumination is therefore provided and is thrown upon the 
deposition surface by means of an elliptical reflector. ‘The ellipse, which is cut 
out of 4” thick plate glass, is shown in plan in figures 3 and 4. ‘The light is placed 
in a hole cut at one focus of the ellipse and the thimble fits in a conical seat in a hole 
at the other. The edges of the ellipse are silvered so that an image of the lamp 
is formed over the thimble. Loss of light from the top and bottom surfaces of 
the ellipse is prevented by total internal reflection. The hole into which the 
thimble fits is made conical in opposing senses above and below the thimble top. 
The lower cone provides a seating for the thimble top which must be a good fit 
to prevent water being drawn in by capillary action, and the upper cone provides 
a prism to refract light down on to the thimble surface to illuminate the deposit. 
Both cones are cut to an angle of 174°. The total angle of the two cones must 
be less than 37° if light reflected by one surface is to be totally internally reflected 
back into the ellipse by the other. If this is not done the thimble is seen surrounded 
by a dazzling ring of light. 

The hole in the ellipse over the thimble forms a chamber into which the 
air is supplied by the jet. A slot, }’’ wide, cut in the ellipse is seen in the plan 
of the ellipse in figures 3 and 4, and the brass jet is brought in through this slot. 
The brass body of the jet is }’’ high, but it is only 0-2’ wide so that there is a gap 
on either side to provide an outlet for the air which enters the chamber through 
the jet. This arrangement with the outlet channels on either side of the jet, 
was shown, by the use of smoke, to give the maximum scavenging from the 
chamber. If the outlet hole is opposite the jet, vortices are formed on either 
side of the jet, in which stale air can remain. 

The oblique illumination which the ellipse provides gives an effect similar 
to dark ground illumination and to enhance this effect the anodized surface is 
dyed black giving a fine black surface as free as possible from sheen; this surface 
is very hard and can be cleaned without scratching. This arrangement gives the 
maximum contrast between a single ice crystal and its background, but, by using 
a small jet which fully ventilates only a narrow streak across the thimble the 
observed contrast is further increased, since the eye can compare the area of the 
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Plan view—cover plate removed. 
Figure 4, Frost-point hygrometer for pressure cabin aircraft, diagrammatic illustration. 
(Reproduced, by kind permission, from the ‘ fournal of the Royal Aeronautical Society ’.) 
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jet in which deposit is at a maximum with the rest of the thimble which usually 
has little or no deposit. At very low temperatures where the individual ice 
crystals are too small to be seen, the eye is dependent upon this latter effect to 
perceive the deposit. 

To assist the eye further a moderate amount of optical magnification is provided. 
It is necessary to see the whole of the thimble top at once in order to permit 
comparison between the deposit in the jet and the rest of the thimble. The 
The thimble top is 15 mm. diameter and a magnification of more than x 10 
would prevent simultaneous vision of the whole thimble. Actually a magni- 
fication of x7 is provided. It is not possible to use an ordinary magnifying 
glass or eyepiece for this purpose partly because of the absence of any particular 
eye point and partly because the bottom surface of the lower lens must form 
the top of the observation chamber, and it must therefore be as low as possible. 
It must be, however, lifted sufficiently for it not to be illuminated by the ellipse. 
If it is illuminated any dust or dirt on the bottom surface is very visible. The 
-optical system adopted, figure 4, is therefore corrected after the manner of a 
Petzval portrait lens rather than a conventional eyepiece. The upper lens, 
an achromat of B.s.c. and E.p.F. glasses, is corrected for spherical aberration, 
it has slight positive coma and an inevitably large amount of positive astigmatism 
which would be very undesirable if uncorrected. This particular combination 
of glasses is used to permit achromatization with relatively long radii and therefore 
to permit a large diameter on the lens. This large size of the upper lens permits 
‘the eye to be moved at least 2” from the upper lens and still retain a full view 
of the thimble. The lower lens is made an approximate achromat of H.c. and 
D.F. glasses, largely because the use of a doublet in this position greatly assists 
in the correction of the astigmatism of the upper lens. ‘The combined system 
has no visible spherical aberration or coma. It has an almost flat tangential 
field for any reasonable position of the eye, and no visible chromatic aberration. 

The combination of dark ground illumination and good quality optical 
magnification shows a crystal of ice such as is obtained at temperatures down 
to —60°c. in brilliant contrast. At very low temperatures when the individual 
crystals cannot usually be seen the system shows up a deposit consisting of about 
0-01 microgram of water as a bluish bloom in the line of the jet. 

Misting of the lenses is apt to be troublesome since very cold air is circulating 
in the chamber under the lower lens while the cabin temperatures may be quite 
high. ‘This is particularly troublesome in the pressurized instrument which is 
commonly used in a pressure cabin, probably with a cabin temperature of 15 
-or 20° c. and a high relative humidity, maintained by perspiration and exhalation 
by the aircraft crew, while the air under the lower lens may be —80°c. (In the 
stratosphere it is possible with the same instrument to measure the CO, point, 
in which case the air in the test-chamber may be still colder.) ‘This trouble is 
eliminated by making the tube which carries the upper lens of plastic so that 
thermal conduction is reduced and the upper lens is not cooled sufficiently for 
condensation to take place upon it. ‘The lower lens mount, on the other hand, 
is deliberately made of brass or other good thermal conductor so that the low 
‘temperature of the test-chamber is readily conducted through the mount to the 
space between the lenses. Any water vapour in the space between the lenses 
then condenses upon the cold mount rather than upon the glass surface, which 
is slightly warmer due to the reduced conduction in the glass. ‘T’o reduce con- 
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duction through the glass, the lower lens is made very thick. At a total thickness. 
of the lower lens of 0:25’’ some trouble was experienced in a pressure cabin, 
but by increase of thickness to 0-5’” condensation on the lenses was entirely 
eliminated. 

Absorption of water by various materials is always a source of error as it is 
given up again when working with very dry air. Cleaned copper tubing is the 
most satisfactory material for supply pipe lines and flexible metal bellows must 
be used to take up any movement; rubber tubing must always be avoided. For 
the same reason it has been necessary to make the illuminating ellipses of glass, 
though the difficulties of manufacture are increased. Perspex is very suitable 
from the point of view of manufacture but it is useless if frost-points below 
—30°c. are to be measured. ‘Transpex II (polystyrene) is less satisfactory for 
manufacture, but can be used down to about —60°c. The glass ellipse is. 
satisfactory for use at all temperatures. 

To use the instrument and obtain an accurate reading at low temperatures 
in a reasonable time considerable experience is required. The usual method 
is to pump slowly so that the thimble temperature falls at a reasonable rate, 
usually less than $°c./sec., watching carefully for the formation of a deposit. 
The deposit does not necessarily begin to form immediately the frost-point is. 
passed, so that the deposit may not be seen until after a quite appreciable over- 
shoot. Immediately a deposit is seen, pumping is stopped and the thimble 
allowed to warm up one or two degrees, depending upon the rate of cooling 
which has been used, upon the actual frost-point, and upon the particular thimble, 
which may be very clean or may have been sensitized by past use. ‘The thimble 
temperature is then held constant by careful pumping and the deposit examined 
intermittently to see if it is increasing or decreasing. With experience it is then 
easy to find two temperatures at which the deposit is (a) very slowly increasing, 
and (b) very slowly decreasing, at approximately the same rates, and the dew- 
or frost-point is taken as the mean. On the other hand, if care is not taken the 
deposit may be lost altogether or may become too heavy. In either case much 
time is lost in obtaining a suitable deposit again. In order to get accurate measure- 
ments the deposit should be very thin since if it becomes at all heavy, changes 
are difficult to observe. It is very important that a deposit should be maintained 
throughout the observation and changes in the deposit should be observed 
while the thimble temperature is held steady. The frost-point is not the mean 
of the temperatures at which the deposit comes and goes from a thimble whose 
temperature is fluctuating rapidly, and this tempting method of use must be 
strictly avoided. ‘ 

Laboratory tests of the accuracy of the instrument. At frost-points down to 
—50° c. the accuracy which is obtainable is largely determined by the accuracy 
with which the temperature of the thimble can be controlled, and it is not 
difficult to measure a frost-point of —50° c. repeatedly to — $° c. in the laboratory, 
since the temperatures of deposit increase and decrease may differ by less than, 
say, 2°c. This accuracy can be obtained in an aircraft if care can be taken, 
though usually it is convenient to accept a less accurate observation which can 
be made more quickly and with much less effort. The humidity of the air 
through which an aeroplane is flying sometimes varies quickly so that great 
accuracy is not necessary. 

Tests were made of the fundamental accuracy of the hygrometer at —78-5° c. 
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to determine (a) whether the frost-point as measured was the true saturation 
temperature, (b) whether there was any effect on the measured frost-point when 
the thimble surface was changed from gold to the black anodised aluminium 
surface, and (c) the probable error of an observation at this temperature, and 
whether this was different for the two kinds of deposition surface or whether 
there was any major difference between various experienced observers. 

Air with a frost-point of —78-5° c. was produced by first passing it through 
large drying tubes of silica gel at a pressure of 120 lb./sq.in. and expanding to 
atmospheric pressure; this gives air with a frost-point of about —65°c. The 
air was then passed through two spirals of clean copper tube immersed in a bath 
of solid carbon dioxide and acetone, which, provided it is boiling at a reasonable 
rate, gives a satisfactory constant temperature of —78:5°c. The air from 
the spirals was next passed through a large glass-wool filter also immersed in 
a carbon dioxide and acetone bath; the filter is used to remove particles of snow 
which are carried along by the air-flow and its use is essential. Provided that 
the system is not expected to remove too much water and that there is no excessive 
pressure difference across the filter, this arrangement gives air of a very constant 
water content and its frost-point should be —78-5° c., the temperature of the baths. 
The air was finally passed to a hygrometer where its frost-point was measured. 
In the laboratory a copper-constantin thermocouple inserted into the thimble 
under the test surface was used to measure the thimble temperature, and for this 
experiment the other junction was placed in the cooling bath surrounding the 
filter so that the measured frost-point should be at zero E.M.F. 

The results obtained in one set of readings are shown in table 2. 


Table 2 


Temperature difference, Thimble minus Bath __ 
Observer Deposit just growing Deposit just decreasing Mean 
(Galvanometer deflection) 


Black aluminium thimble 


A.W.B. —2-5 div. =+-3°5 div. +-0:5 div. 
IBC = 1195) eases) == Iles 
G.M.B.D. =e5 sje 1h) Os 


Mean -+0°8 div. 


Gold topped thimble 


A.W.B. --2°5 div. +1:5 div —0°5 div 
ECE —1°5 +155 O 
G.M.B.D —1°5 +455 0 
Mean —O:2 div. 
Black aluminium thimble 
G.M.B.D. —0°5 div. +3:5 div. +1:5 div. 
Bees —1°5 +4°:5 0) 


Mean -+0:7 div. 


(Note. ‘Thimble temperatures were held constant tor about a minute at various whole divisions 
on the galvanometer, ard at the end of the minute the observer decided whether the deposit had 
grown or decreased. The galvanometer had a zero error of 0-5 divisions, therefore all values are 
given to this accuracy. 1-div.~1°c. Each comp!ete observation took about five minutes.) 
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It will be seen that the frost-points as observed by the three observers agree 
to within about 1°c. and that there is no significant difference between a gold 
and a black anodized aluminium thimble, nor is there significant difference 
between the expected and measured frost-point. In general most observers 
have a slight preference for the black anodized thimble, and this is used for the 
final instrument mainly because the provision of a resistance thermometer is 
so much easier. 

Air with a frost-point as low as — 78-5° c. is usually only encountered at heights 
in the atmosphere where, owing to shortage of oxygen and to discomfort, it is 
impossible to make the observations with the care possible in the laboratory; 
the more accurate type of instrument described below should therefore be used 
at very low temperatures. | 


§4. FROST-POINT HYGROMETER WITH PHOTOELECTRIC 
DEPOSIT INDICATOR 

The eye-observation frost-point hygrometer described in the previous section 
makes a very simple instrument and is easy to use when measuring air whose 
frost-point is above about —50°c. When it has to be used to measure the 
humidity of still drier air it suffers from serious disadvantages. Although it is 
possible to measure the frost-point of very dry air down to —80°c., the rate 
of deposition and evaporation of the hoar frost become very slow so that it is 
necessary to keep the thimble at a constant temperature for about a minute 
before it is possible to decide whether the deposit is increasing or decreasing. 
At —80°c. the deposit is very faint indeed. This makes the measurements 
very long and fatiguing to the ob- 
server and the accuracy is rather 
poor. Aninstrument with a photo - 
electric deposit indicator has been 
developed to remove these disad- 
vantages, and though it is neces- 
sarily more complicated than the 
simple eye-observation instrument, 
itis so much more accurate, somuch™ | “Thema jennon == 
quicker, and so much less tiring to boise Ter 
use, that its use is always worth 
while at very great heights. Also, 
since much less judgment is re- 
quired, the observations may be 
made by a less highly trained ob- 
‘server. Photoelectric dew-point Solid CO» 
hygrometers have been described andl peso! 
by other workers, including Moss 
(1934), Awbery and Griffiths(1933), 
‘Thornthwaite and Owen (1940), and 
others in the U.S. and Canada. 
‘The optical arrangements employed 
are generally unsuitable for the Figure 5. Diagram showing the principle of the 
lowest frost points. ee ae with photoelectric 
; The pr inciple of the Ste emMene (pepsin ND permission, from the 
is seen from the schematic diagram ‘ Proceedings of the Royal Society” .) 


Pump containing 
cold petrol 
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in figure 5. Light from a 36-watt lamp is concentrated by lenses on to the thimble. 
The thimble is made of copper with a gold plate soldered to its top, the gold surface 
being well polished or of aluminium with an anodized black top. The light is 
reflected from the thimble into a black absorbing box, through a slot slightly 
larger than the image of the lamp filament. A slot between the two lenses 
is also larger than the image of the filament and prevents the passage of all 
light except that directly from the filament. A diaphragm of suitable aperture 
cuts out reflections from the inside of the tube in which the lenses are mounted. 
As a result the inside of the chamber is fairly dark, except that an area about 8 mm. 
in diameter on the top of the thimble is strongly illuminated. A lens immediately 
above the thimble forms an image of this illuminated area at a hole through which 
the light passes to the photoelectric cell, The lenses are all ventilated by a 
stream of air from within the test-chamber to prevent any condensation on 
them, as they will tend to be warmer than the outside air. 

If the surface of the thimble is clean and properly polished very little light 
is scattered from it on to the photocell. It is important both in the final polishing 
and in subsequent cleaning that all rubbing of the surface be only in the plane 
of the light since any minute scratches at right angles to this direction show 
up brightly. A small deposit of dew or hoar frost on the thimble causes a great 
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Figure 6. 


relative increase in the amount of light reaching the photocell. ‘The angle of the 
illuminating beam and the position of the photocell were fixed after careful 
trials using very faint deposits formed in very dry air. Somewhat different 
positions might be better for heavy deposits which appear white, but there is 
always ample light in these cases and the positions were chosen which were best 
for the very faint bluish deposits (see § 2). 

The electric circuit is shown in figure 6. With a grid leak of resistance greater 
than 107 ohms the instrument is too sensitive, even when measuring air having 
a frost-point of —80°c. ‘The instrument is made to be of maximum sensitivity 
when used with frost-points of — 80° c. and when measuring higher frost-points 
the sensitivity is decreased by adjusting the resistance R,. The indicating 
microammeter is never shorted by a resistance less than several times its own 
resistance so that it shall not be too sluggish. For full sensitivity the switch S, 
is opened. By adjusting the resistance R, the current through the indicating 
microammeter is made approximately zero when there is no deposit on the 
thimble. When using very dry air it is found that the change in the amount of 
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scattered light produced by a given small increase in the deposit is greatest for 
a moderately thin, but not very thin, deposit. With the photocell and ampli- 
fication used, a deposit giving a reading of a few hundred microamperes is most 
sensitive. It is convenient to have an indicating galvanometer with high 
sensitivity in the middle of its range (when the current is about a hundred micro- 
amperes) and becoming less sensitive at each end of the scale. - 

The air to be measured is led in through a slot 10 mm. x 1 mm., the centre 
of the jet being directed at the centre of the thimble and making an angle of 
approximately 10° with the surface, as in the visual hygrometer. The air jet 
more than covers the illuminated area and is directed at right angles to the plane 
of the illumination. 

The thimble may be cooled by pumping a jet of liquid air against the under- 
side, as in the case of the visual instrument described above; or it may be cooled 
by being connected by a short, thin bar to a massive copper bar passing down 
into a Dewar flask of liquid air. In the latter case a heating coil is wound on the 
side of the thimble in a manner similar to the winding for the resistance thermo- 
meter already described. The current through the heating coil is controlled 
in order to keep the thimble at the required temperature. The photoelectric 
instrument is chiefly used when climbs are made to very great heights, in which 
case aircraft with pressurized cabins are generally used. The main instrument 
in then put outside the pressure-cabin and controlled from inside. If the jet 
method of cooling is used, the pump must be worked by means of a Bowden 
cable or other similar method, and the conductivity method of cooling with con- 
trolled heating may be more convenient. 

Method of use.—The method of using the photoelectric instrument is different 
from that for the visual instrument. Since it is very difficult to judge by eye 
whether a deposit is keeping exactly constant, it was found necessary to bring 
the thimble to two temperatures where the deposit was definitely slowly in- 
creasing and slowly decreasing, when the true frost-point would be near the mean. 
With the photoelectric instrument the indications of the deposit are so sensitive 
that it is possible to say when the deposit is neither increasing nor decreasing, 
and the temperature of the thimble is adjusted to such a value and the temperature 
read at this condition: As the actual amount of the deposit is not important 
(provided it is not too heavy), many readings can be taken quickly one after the 
other with slightly different amounts of deposit. At least two independent 
measurements can be taken per minute so that a very reliable average can quickly 
be obtained. 

Since the thimble cannot be seen by the observer there may be some doubt 
whether the deposit consists of dew or frost at temperatures between 0° and 
about —30°c. Since dew consists of very numerous fine droplets, while frost 
at these temperatures consists of much larger ice particles, a deposit of dew 
increases and decreases much more rapidly than one consisting of frost, and a 
skilled observer may judge the nature of the deposit from this. . However, it is 
generally safer to cool the thimble sufficiently to be sure that the deposit has 
frozen, then to warm it until nearly all the ice has evaporated, leaving only a very 
thin deposit, and to work with this. 

Measurements of frost-point can be made with this instrument down to the 


temperature at which the nature of the deposit changes from a crystalline to an 
invisible glassy layer. 
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The following critical tests of the instrument have been made in the laboratory 
with satisfactory results : —- 

A. To see what effect the thickness of the deposit had on the observed 
frost-point. 

Observations were made using a very thin, a moderate and a very thick deposit, 
the order of the observations being shown by the figures within brackets (table 3). 


Table 3 


Observed frost-points (°c.) 


Thin deposit Moderate deposit Thick deposit 
—57:2 —58-6 
(1) —57-1 (2) —57:8? 

—573 — 58-6 

Mean —57:2 Mean —58-4 

—57°5 —58-2 —57°8 

(3) —57-5 (4) —58-0 (5) —58-0 

—57-3 —58-0 —58-2 

Mean —57°5 Mean —58:1 Mean —58:0 

—58-0 —58°-3 —58°5 

(6) —58-1 (7) —58-4 (8) —58:3 

— 58-3" —58-7 —58:-7 

Mean —58-1 Mean —58°5 Mean —58:5 
—58-2 

(9) —58-2 —- = 
— 58:2 
Mean —58:2 
ke Re ee 
Means —57:-9 —57-9 —58°-3 


The air supply was obtained by passing air over silica gel. It will be noticed 
that the air supply becomes slowly drier as the connecting pipes dry out. All 
the individual measurements are given so that the casual variations can be seen. 

Since the thick and thin deposits used on the above test were outside the 
range of thickness usually used, no appreciable change of observed frost-point 
with deposit thickness is likely. ; 

B. To see if the brightness of the illuminating lamp caused any change in the 
observed frost-point (e.g. through heating of the deposit on the thimble). 

For this test the lamp was run alternately on 4 and 6 volts (the normal rating), 
while many measurements of the frost-point were made. 

The means of the observed values were —50-7°c. for the 6-volt run and 
50-2° c. for the 4-volt. Since the energy radiated by the lamp is much greater 
when on 6 volts than on 4 volts (which was the minimum on which the instrument 
would work satisfactorily), it may be taken that there is no appreciable effect. 

C. To see if the rate of air-flow through the jet makes any difference to the 
observed frost-point. 


70 A. W. Brewer, B. Cwilong and G. M. B. Dobson 


The pressure on the jet was adjusted alternately to 4 in. of water and 24 in- 
with the following results (table 4). 


Table 4 


Observed frost-points (°c.) 


Pressure on jet 


24 in. 4 in 
54:8 —55°3 
(1) —54°5 (2) —55-2 
aye —55-2 
Mean —54°7 Mean —55-2 
ay —56:2 
(3) —56-0 (4) —56:0 
EES Gr0) — 55-9 
Mean —56:1 Mean —56:0 
— 56:2 
(5) —56-0 —_— 
—56:0 
Mean —56:1 
Means —55°:6 —55°6 


Note that the air supply is becoming drier during the first part of the test, 
probably due to the tubing drying out. 
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The Cavity Resonator Method of Measuring the Dielectric 
Constants of Polar Liquids in the Centimetre Band 
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ABSTRACT. A method is described of determining the refractive index n of a polar 
liquid in the centimetre band by measuring the resonance curve of an Ho; resonator with an 
axial capillary of liquid. An independent value of « is required. The method has been 
tried out on water at 21°c. Three independent measurements gave n= 6:25, 6°30, 6°35, so 
that the method is capable of +1°% accuracy. 


Si, INTRODUCTION 


Hk most convenient way of measuring the dielectric properties of nearly ideal 

dielectrics (power factor 10~*) is the cavity resonator method introduced 

by Willis Jackson (1941), using an Eo, resonator, and Penrose (1946), 

using an Hy, resonator. The latter method is in some respects more convenient 

at the highest frequencies (A= 1 cm.), since it is possible to work with an oscillator 
of fixed frequency. 

[t is our purpose to examine whether these methods can be used when the 
dielectric is a polar liquid such as water, which is far from being a perfect dielectric 
(power factor 4), and furthermore, which has to be maintained in the appropriate 
form by a containing vessel. If the problem is considered by an approximate 
method due to Bethe (1942), it is easily seen that it is not possible to arrange the 
specimen so as to obtain a large frequency shift and still maintain a sharp enough 
resonance curve for the frequency shift to be measured. 

Two main difficulties are encountered in a straightforward application of the 
resonator method. In the case of the Ey,) resonator, in which the electric field 
is greatest on the axis, the loss is such that at 1 cm. the specimen must be enclosed 
in a capillary of less than 0-05 mm. diameter, which is impracticable. Moreover, 
it is difficult to achieve 1°, accuracy with a fixed resonator and tunable oscillator. 
In the case of the Hy, resonator, the difficulty is one of introducing the liquid 
specimen in the form of a flat disc of thickness 0:-2mm. These difficulties can to a 
great extent be overcome by using an Hy, resonator with an axial capillary filled 
with liquid. The electric field is zero on the axis of the resonator so that a capillary 
tube large enough for accurate measurement can be used without damping the 
resonator so much that the shape of the resonance curve cannot be determined. 
The cylindrical symmetry makes it possible to solve Maxwell’s equations exactly, 
so that the small corrections, which have to be made to take into account the effect 
of the glass wall of the capillary tube, can be evaluated as accurately as one wishes. 
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§2.- THE RESONANCE CURVE AND THE PROPAGATION CONSTANT 


‘The shape of the response curve of a resonator can be obtained by considering 
the course of a wave travelling back and forth in the resonator (e.g. Collie (1944)). 

Consider the H), resonator of length //2 shown in figure 1. 

If precautions are taken that new types of wave are not created and subsequently 
detected, the effect of the plunger and the blank face and detector at the input end 
can be represented by complex reflexion coefficients R, and R; respectively. 

Then the electric field at the detector due to waves travelling from left to 
right is 

A 
~1-R,Re* 


while the field at the detector of waves travelling from right to left is 


Be"R(1+R,Re“+....); 


Wat 


A+ KU Re- + (RGR) es) 


so that the total electric field EF at the detector is given by 
A ala Bee 
1—R,Re? 


in which y is the propagation constant « +78 of the wave in the guide. 
Near resonance let 


E= 


/=1,+Al, 
Bi) = 2n7 — F, 
RR; Ser TP: 
BR,e"s ==i(s") 
A+Ce! 
Then een 


A+Ce 
(r+al)—jBAl’ 
in which 4 can be treated as real without affecting the argument. 
Then |£| is given by 


F-+ GAl 
[Z|= {(rtal))? + BPA" 
This is a conventional resonance curve made slightly asymmetric by the small 
linear term GAI. 

The error involved in treating it as a conventional Q curve and measuring 
a(full width) when E=Eyax/4/2 is quite small; if the degree of asymmetry is 
5% at the half value width, the error in estimating (r+a) is only 0:15%. Amore 
satisfactory graphical treatment is to plot the observed value of Al against the 
square of the reciprocal of the mean value of the voltage response. ‘The constant 
r+ al is readily obtained from the slope and intercept of the resulting straight line. 

A typical response curve of a damped resonator is shown in figure 2 together 
with the linear piot described above. It can be seen that an excellent straight 
line is obtained: this not only justifies the elementary theory just outlined but 
provides a good check on the linearity of the receiving system. 


Method of measuring dielectric constants of polar liquids ie: 


The quantities required in theoretical calculations are x and 8. ‘These can be 
obtained if two successive resonances are measured. The amount the plunger 
has to be withdrawn is a direct measure of the wavelength A, in the guide and so of 
B=27/d,. Since r is the same for both positions of the plunger, x can be obtained 
by subtraction from the measured values of r+al, and r+«(J)+A,/2). Thus, 
provided the resonance curve is not too flat for accurate measurement, one can 


iam y, the propagation constant in the guide, experimentally from resonance 
ata. 


§3. PROPAGATION IN A COMPOSITE GUIDE 
. It remains to obtain the relationship between the propagation constant y in a 
guide partly filled with dielectric and the constants of the material. A general 
treatment of this problem is given by Pincherle (1944). Consider the propagation 
of an H,, wave down to the composite guide shown in figure 3, consisting of a meta 
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Figure 3. as a straight line. 


Figure 2. Resonance curve plotted and analysed 


cylinder of internal radius 79, with a glass capillary tube of external radius 7,, 
and internal radius 7,, lying along its axis. Let o be the conductivity of the metal 
wall and «,and ec, the complex dielectric constant of the glass and liquid respectively. 
Then the field equations for an Hy, wave in cylindrical coordinates p, 0, z are * 


=F ad perce pls ye (1) 
H,= —yh[aJ (kp) + bY,(p)], Ben (2) 
= ae [aJ,(kp) + bY (kp)], wteess(3) 
eof seh (4) 


The arbitrary complex coefficients a and 6 will have different values (cd, ef, gh) in 
each medium which must be chosen so that the tangential electric and magnetic 
fields are continuous at each interface. 

* Lamont, Wave Guides (Methuen), p. 26; his B=—Jjy. 
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One notes that y must be the same for all four sections of the wave since these 
boundary conditions must continue to hold as the wave is propagated down the 
guide. Since y is a measured quantity, the appropriate value of k (Ry, Ra, Ra, Rt) 
can be determined from equation (4) except in the inner region which is filled. 
with the liquid whose dielectric constant «, is being measured. 


Approximations 


The following well known approximations will be used: 


For a<0-01 
A(1) J,(3-831+a)aJ ;(3-831), 
A(2) J,(3-831+a)=J (3-831), 
A(3) Y,(3-831+a)=Y,(3-831), 
A(4) Y,(3°831+4)Y,(3-831). 
For x<3-8 and a/x<0-01 
A(5) J,(x+a)=J,(x), 
A(6) Jo(xt+a)=Jo(x), 
A(7) ¥(x+a)=¥,(x), 
A(8) Yo(x+a)=¥,(2). 
For 6<0-01 
J (x) + 6Y oy) (a YVi@) 25 (ay — Yo ae 
AO) TOE I eB 


In the metal 


Since the fields must be zero for large values of p, b= —ja and the field in the 
metal can be written in terms of Hankel functions as 


fas, = ak?, H®(Ryp)e~*, eel fee) @ (5) 


i =— aykyH®(Ryp)e”, © ee were (6) 
yokyyt : 
Be sagt (lena Cle | NT eras (7) 
in which ky, denotes k in the metal given by 
Re 4r7ow pe FTO 
Mo aa gh oa ee ere (8) 


Since the value of y is never very different from that of an empty guide with 
perfectly conducting walls it is convenient to write our expressions in terms of 
their deviation from the propagation constant G of an ideal empty guide, given by 
Gee 
70 
The wave in the actual empty guide will be given by 


H, =) « oy - Jo(oR ap) 
in which the subscript zero indicates values for an empty guide. 
From (8) it follows that ky;=~)ky, so that equating E, and H, at the metal/air 
interface of an empty guide, one has 
1 AD Rut) 1 Ji(oks7o) 
Ryto HO (Rute) akate © JoloRaro)” eae 


vu 
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Let bh reel atin Pea. (11) 


in which the xs represent the effect of the finite conductivity of the wall and are 
very small. 
Let ves Ge verstiyoe, 9 8 oe earee (12) 


so that from (4), (11), (12) one has 


: i ; 
X1 +Ixe= 77937 Clvo1 +J¥on)) tw ee (12a) 
and substituting in (10) 
Lo A(R) 5 J3(3-831) ‘A 
Trey ERC) SGN, CREE Cem Ce) 


The air metal boundary 
The boundary conditions are expressed by the equations 

aks HD (Ryt) = RalcT o(Rary)]+4Vo(Raro)s vee (14) 

ARyH® (Ryo) =Raled (Rate) | +dYi(Rato)-' swe we (15) 
These can be solved for d/c by division; k,7p is nearly 3-831, so writing 

Rat =3°831+ 41+ Jb. 
and using approximations A(1), A(2), A(3), A(4) and neglecting (d/c) . Y)(3-831) 
compared with J,(3-831), one has 
1 (H&E) 1 : J (3-831) dad Y,(3°831) 
Rare (aae)) axe Ortih) Fas tc TER): 
substituting for the L.H.S. from equation (13) and writing as before 
Ve Go fas 


: 3-831 : 
so that CO S73) ar ($1 +J2) 


as in (12a), one finds that 
dan Ji(3°331) VEG 2 
ene Va(G5831)ie 300 = (y-Yo0) =U(v —Yo) 
—J1(3-831) .° 7 


with ES GRERD) 7 (16) 
u has no real part since G is purely imaginary. 
The glass air surface 
The boundary conditions are 
PileTo(Rears) +dVo(kar =AeleTo(Rers) +fVolRory see (17) 
kyled (Rat) +4Y{(Rar,)] =Rolea(Rars) +fV (kera)], +++: (18) 


So that a Ti(Rat1) + (dic) ¥i(Rar1) = at J (Rory) + (fle) ¥i(Rer) pe (19) 
Ry ToRira) + (dic)Vo(kats) ka So(Rars) + (Sle) Yo(Rars)’ 
which can be solved for f/e since d/c can now be looked upon as known. 
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only a fraction of 1%, 
included in the calculations. 
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Method of measuring dielectr 
liquid actually contains less field than would be in its place in an empty resonator 


never penetrates the polar liquid to a great depth, so that instead of the normal 
so that the effective size is decreased. 


concentration of field in the dielectric, making the resonator effectively larger, the 
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Normally, tube diameters>0-6 mm. are not used, since the resonance curve 1s 
too flat to be measured without errors due to its asymmetry. 
Tables 1 and 2 are evaluated from the identity (Watson) 


FActy= =U In(*)\F —mlY)- 


This leads to the following expansions: 


Tose +jy) = J o()Lo(9) — 2F a(x) Lay) + 2F a(x )La(9) «-- 
+j[— 24 (Fay) +200)... (30) 


and 


S,(x + jy) =I (x)Lo(y) + Is(x) L(y) — IF a") Loy) —Fa()La(y) -- 
+I o(x)Li(y) — J o(*)i(y) —Fo(#)La(9) + Fax) Lay) -- «J 


in which further terms can be neglected. 

In figure 4 is shown the variation of $x(Q) with « and y, from which it will be 
seen that with « constant there is a portion of the curve over which the function 
hardiy varies as y increases. If the capillary tube is selected with such a radius 
that the function falls on this part of the curve, a large inaccuracy (5%) in the 
independent value of «(«y) will only result in a small inaccuracy (}%) in 7 (ax). 


§4. EXPERIMENTAL 


The resonator, of internal diameter 1-:912cm., is drilled out of a solid brass 
cylinder, reamed and lapped to an accuracy of + 0:02mm. It is shown in figure 6. 
Since a very high Q is unnecessary, the surface 
need not be silvered; a Q of abqut 3000 was 
used throughout. The resonator is fed by 
two holes half a wavelength apart, 2-7 mm. in 
diameter, in the short side of a rectangular H, 
waveguide, which forms the centre part of a 
brass plate terminating the resonator at one 
end. Power is led from the resonator to the 
detector through another H, waveguide, 
which is fed from a small hole in the side of 
the resonator. ‘The axis of this coupling hole 
makes an angle of 45° with the line of the two 
feeder holes so as to reduce the effect of 
unwanted modes. ‘The resonator is tuned by 
a brass plunger fitting the barrel to 6-5 mm. 
clearance, and moved by a Moore and Wright Figure 6. Resonator. 
micrometer head reading to 0-005 mm. with —_Note.—For convenience the flat for the 
2-5cm. movement. The plunger is backed at REE EY cr ta ae cas Gh Uc 
its rim by attenuating plastic, which sup- 
presses unwanted modes whose fields on the surface of the resonator are 
not zero. ‘The glass capillary holding the liquid is a push fit in a hole drilled 
centrally in the plunger, and slides through two holes drilled centrally in the 
two short sides of the input waveguide, as the plunger is moved through the 
resonator. ‘To eliminate dielectric pick-up from the waveguide the glass is 


] 
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screened by a fine metal tube where it crosses the guide. It is possible for 
the capillary tube to be central to 0-01 mm. at one end and 0-1 mm. at the other. 
The resonator is water-jacketed for temperature control both at the waveguide end, 
and at another point on its barrel. The temperature is read by a thermometer 
resting tn, and making liquid contact with, a hole in the barrel. 

The capillaries are drawn from Corning 707 low-loss glass whose dielectric 
constant is known at the frequency used. They are selected with an internal cross. 
section uniform to one part in two hundred along the portion inside the resonator; 
this selection is done in the usual way by viewing a length of mercury at various 
points along the tube under a travelling microscope; the internal diameter is 
then measured to one part in five hundred by weighing a known length of mercury 
in the tube, at a known temperature. The walls of the tube should be about 
0-05mm. thick. The outside diameter should be uniform to one part in two 
hundred along its length, and the tube circular to one part in a hundred. It will 
be seen from the diagram of the resonator that there is sufficient room to allow 
an air space and seal at each end of the tube, but usually one end is not completely 
sealed, so that the water is always at atmospheric pressure. 

‘The apparatus used for transmission and power measurement was similar to: 
that described and illustrated in an earlier paper (Collie, 1946), with the addition 
of: 


1. A piston attenuator which could be inserted into the waveguide instead 

of the resonator to calibrate the receiver. 

2. A second Hy, resonator connected as a monitor by a one-way feeder for 
watching frequency stability during a reading. Readings were rejected 
unless the frequency drift during a set of measurements was less than 
50 kes. 

Further stabilization of the klystron power packs. 

4. Screening round the transmitting tube of the type used in microwave 

signal generators. 


io) 


Because of the design of resonator and the tight fitting of the capillary tubes in 
their plungers, the tubes were not removed for measurement of the O of the empty 
resonator; from time to time the entire plunger was removed and replaced by a 
plain plunger for Q measurement; the change in frequency was measured by 
comparison with the monitoring resonator which had identical dimensions. 

A typical O curve and the linear plot obtained from it are shown in figure 2. 
The readings of receiver diode current against resonator tuning are taken for travel 
in both directions, and are converted to readings of power by use of the calibration 
curve of the receiver. The plot of inverse of power against square of breadth of 
O curve should give a straight line from which the value of 1s calculated as pre- 
viously described. Ifa straight line is not obtained, it indicates that the resonance 
is unsatisfactory, or that the calibration of the receiver has changed, and this 
provides a useful check of each reading. 


Spo Ra S Wiles 
The method described has been tried out on water at 21° c. for which a value 


of «=2-83 is available (unpublished work of the authors). ‘Three series of 
measurements using three different capillaries were made. 
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For each measurement, equation (29) has to be solved using the measured 
value of « and calculating the value of the constant c=2wu from the measured 
values of 7, 7, and rz and the known (Penrose, 1946) value of the dielectric constants 


of the glass. 
The following results were obtained : 


Table 3. Water at 21° c. 


T§ Ty «108 eo n 
(mm.) (mm.) (cm=!) 
0-406 0°495 1219 10°71 6°28 
07525 0°590 39°90 6°51 6°30 
0°500 0°610 33°40 7°00 6°35 
7,—=0°9560-cm:, 
e« =4-00, 


e"<0-01. For Corning 707 low-loss glass. 


$6. DISCUSSION 

Over the course of two years we have tried many methods of measuring the 
dielectric constant of water. The method described is the only one we have found 
for n at 1-25cm. which is capable of +1°% accuracy, and a series of systematic 
measurements of the variation of m with temperature is being planned. 

There is no doubt that if this work were being done again we should adopt the 
M.1.T. (Pound, 1946) system of frequency stabilization, which locks the oscillator 
on to a resonant cavity. 
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Pressure Broadening of the Inversion Spectrum of Ammonia: 
Part II—Disturbance of Thermal Equilibrium at Low Pressures 
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ABSTRACT. ‘The absorption at the centre of the line (3,3) of the centimetre wave- 
length inversion spectrum of ammonia gas has been measured at pressures between 1:5 mm. 
and 0:01 mm. Hg. The absorption coefficient is constant at the higher pressures, as would 
be expected for a single line whose width is determined solely by pressure broadening. 
At the lower pressures the absorption coefficient falls by an amount dependent on the 
energy density in the resonator ; this is due to the disturbance of thermal equilibrium 
in the gas through the absorption of energy from the radio-frequency field. A theory 
of the effect 1s developed from which the thermal relaxation time can be calculated by 
comparison with the experimental values of the absorption coefficient. It is found that 
this time is approximately 1-7; times greater than the mean time between collisions which 
mterrupt the absorption (determined from the line breadth constant). This indicates that 
notevery such collision is effective in restoring thermal equilibrium. 


$i) INTRODUCTION 


HE measurement of the absorption in ammonia gas at pressures of 1 cm. Hg 
to 60cm. Hg has been described in a previous paper (Bleaney and Penrose, 
1947a). ‘The observed values at pressures of 60cm. and 10cm. Hg were 

compared theoretically on the basis of the earlier analysis of the spectrum at 
pressures of about | mm. Hg (Bleaney and Penrose 1946a, 1947b). The observed 
and calculated values of the absorption at 10cm. pressure were in close agreement 
over the whole range of the measurements (0:63-0:92 cm"), showing that the 
widths of the lines varied accurately at the pressure between 0:-5mm. Hg 
and 10cm. Hg. 

At pressures below 1 mm. Hg, the widths of most of the lines in this spectrum 
are small compared with the separation of the lines, and it is therefore possible to 
examine the lines individually. The width of the lines is still due almost entirely 
to collision broadening, since at a pressure of 0-5 mm. Hg the line breadth constants 
(equal to half the width of the line at half intensity) are found to lie between 
2.104% and 5.10 4%cm-!. Of other sources of broadening, that due to the 
Doppler effect was expected to be the most important; the line breadth constant 
associated with it is approximately 10°-®cm-, and its effect should not therefore 
become appreciable until pressures of about 10°?mm. Hg are reached. Thus it 
was expected that a range of pressures varying by a factor of nearly 1000 should be 
available for the study of the effects of collision broadening on single lines. 

In a region where the absorption is all due to a single spectral line whose width 
is determined entirely by collision broadening, the absorption at the centre of the 
line should be independent of the pressure. ‘This is evident from the formula 


oo 477° | tenn |? Nim (1) 
ye 3kRT Av 1a eos 
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where «=absorption coefficient per cm. of path, 
Nom =number of molecules per cc. in the lower and upper energy 


transition, 
Ay=line breadth constant = half the width of the line at half intensity ; 


since both Nn and Av vary linearly. with pressure, and the remaining constants: 
are independent of the pressure. Since measurement of the absorption coefficient 
at the centre of the line is simpler and more accurate than a direct measurement 
of the width, it was decided to use this measurement as a test of the validity of 
The line (3,3) was chosen as the strongest and most convenient 
Contrary to expectations, it was found that the absorption 
coefficient began to decrease when the pressure was about a tenth of a millimetre, 
and fell rapidly as the pressure was reduced still further. Investigation of the 
other lines of the spectrum showed that a similar effect occurred with all of them. 
The absorption at their centres began to fall at pressures of about 0-1mm. and 
continued to decline as the pressure was reduced. 

This fall in the absorption coefficient might be due to some other form of 
broadening of the line, which is independent of the pressure; the line breadth 
constant associated with this broadening must be of the order of 10°-4cm*1 to 
explain the observations. ‘The following possibilities were considered : 


(a) The Doppler width 
Owing to the velocities of the molecules of a gas, a spectral line has a Doppler 


width given by the expression 


Ba GS Ae 
Ase (2\a) Mi log, 2. S¢Cineg) 


For ammonia, the value of Av given by this is 1-2. 10° cma 
(b) Interruption of the absorption owing to collisions with the walls. 
Ina container of volume V and wall area A, a molecule of mean velocity v 
will make a collision with the wall 14v/V times a second. For the resonator used 
in this experiment, this will cause a broadening of the line of approximately 
Av=}tAov/2reV, 
eas ey iegernss 
(c) The natural line breadth, due to spontaneous emission. 
The line breadth constant associated with spontaneous emission is 
3277313 | nn |? 
3he 
For wavelengths of about lcm. this gives a value of Av of about 107° cmztaetn 
Einstein’s theory of spontaneous emission, the density of radiant energy is assumed 
to be given by Planck’s law; Purcell (1946) has, however, pointed out that with a 
resonator is associated one oscillator in a frequency range v/Q, rather than 87v?/c* 
per unit volume per unit band width, as with Planck radiation theory. Thus with 
a resonator O of 10000 the line breadth constant will be about LO cone 
(d) The natural line breadth due to stimulated emission and absorption. 
A molecule in thermal equilibrium with its surroundings will undergo tran- 
sitions owing to interaction with the radiation field.- In the optical region the 
number of such transitions is small compared with the number of transitions due 


levels of the 


equation (1). 
line for this purpose. 


Av= (cm7+) ers (2) 


i 
| 
i 
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to spontaneous emission, but the reverse is true at radio frequencies. ‘The 
number » of transitions per second that a molecule undergoes in equilibrium in 
thermal radiation of energy density p is 

wes ied (loreal le 


N= ——3poP (sec. !) Cero (3) 


At these frequencies where chy <kT, this becomes 


Sit aul? T 
_ 3h2c 


(SCCy") alae Meee (3 a) 
whence 


= 327 Pe tala: 
Mp=n/2re= Bdge tein |?yPR L. (Cilia s) seme Wome (3 b) 


This formula gives the width of a radio-frequency spectral line as observed in 
emission; for the inversion lines of ammonia this Av is about 10°1° em7, or, if the 
emission excites a resonator tuned to the frequency of the line, Av will again be 
about 1000 times greater. In absorption measurements the resonator 1s excited 
by radiation of an intensity immensely greater than that corresponding to room 
temperature, and the width of the line in absorption will be correspondingly 
greater. This point will be discussed later. 


(e) Interruption of the inversion by a transition to another rotational level. 

Since the inversion frequency of the molecule depends strongly on the 
rotational state of the molecule, the absorption of radiation corresponding to a 
transition between the two levels of the inversion doublet will be interrupted if the 
molecule jumps to another rotational level. ‘Transitions between the rotational 
levels will be caused by spontaneous emission, and by absorption and stimulated 
emission due to the thermal radiation. From equations (2) and (3) it can be seen 
that transitions between the rotational levels are considerably more frequent than 
similar transitions between the inversion sub-levels, since the energy density of 
black-body radiation is much greater at the higher frequencies of the rotational 
spectrum of ammonia. Calculation shows that the number of quanta absorbed 
per second by a molecule in the J = 3 level causing a transition to the J =4 level is 
about 10 per second; the number of spontaneous and stimulated emissions 
causing transitions to the J =2 level are each of the same order. Hence the 
associated line breadth constant is about 10 1°cm.? 

It is apparent that none of these phenomena is sufficient to cause a broadening 
comparable even with that due to the Doppler effect, except that due to the 
stimulated transitions considered under (d) above. ‘This phenomenon cannot be 
considered as a simple broadening, but as a disturbance of thermal equilibrium in 
the gas. The absorption of energy from the radio-frequency field tends to 
equalize the populations of the two energy levels of the inversion doublet; this 
process is counteracted by the action of the collisions between the molecules, which 
tends to restore thermal equilibrium. As the pressure is reduced, the time between 
collisions gets longer, and the “ relaxation time” for the return to thermal equili- 
brium increases. When the collision frequency becomes so low that the probability 
of making a transition in the interval between collisions approaches unity, the 
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average populations of the energy levels will no longer correspond to that appr 
priate to the “temperature” of the gas, but to some higher temperature. The 
intensity of the absorption will then decrease. 

That this effect is of the correct order of magnitude to explain the observed 
diminution in the absorption coefficient is shown by the following calculation. If 
Nx is the number of ammonia molecules per cc. in the rotation level characterized 
by the quantum numbers J, K, then the excess number in the lower level of the 
inversion doublet is }.Nyx(Av)/RT), where hvy is the energy separation of the two 
levels of the doublet. To equalize the populations of the two levels, half of these 
must be transferred to the upper level, which requires an energy of 
hv, .4Nyx . (hv)/RT). This is the maximum energy that the gas can absorb from 
the radiation in a time (7) equal to the mean interval between collisions.* Hence 
the power dissipated per cc. is 


W=1Nix- (Avo kT... ee (4) 


For the line (J, K)=(3,3) at a pressure of 0-1mm. Hg (1/7)=1-8 . 10’sec-4, 
while Nj, =2:3 . 1013; hence W= 200 ergs/cc./sec. Now the power dissipated in 
the resonator in these experiments is of the order of 1/10 miulliwatt, or 1000 
ergs/sec. At the centre of a strong line such as (3,3) some 2/3 of this power 
would be absorbed by the ammonia, in a volume (allowing for the distribution of 
electric field in the resonator) of less than 2cc., if the absorption has its normal 
intensity. Since this would require an absorption of energy by the ammonia 
greater than that given by equation (4), it is obvious that the strength of the 
absorption must be less than that corresponding to the maintenance of thermal 
equilibrium. 

The treatment of the last paragraph leads toa simple expression of the condition 
that must be fulfilled if the true value of the absorption in a gas is to be measured. 
This condition is that the power absorbed by the gas must be small compared with 
the power given by equation (4). ‘This equation contains two points of interest : 

(a) W depends on the square of the resonant frequency of spectral line. 

This arises because the energy absorbed in a transition varies with v and so does 

the difference of population of the upper and lower levels of the transition. 
(6) W varies with the square of the pressure in the gas. 

This follows from the fact that both Nj and (1/7) vary linearly with the 
pressure. 

The correctness of this explanation of the fall in the absorption coefficient at 
pressures of about 1/10mm. Hg could quickly be verified experimentally by 
measurement with different power levels in the resonator. From (b) of the last 
paragraph it would be expected that the drop in the absorption coefficient would be 
the same under conditions such that the product (power dissipated in the resonator 
times square of the pressure of ammonia) is constant. This was found to be the 
case. 

The phenomenon of the disturbance of thermal equilibrium in radio-frequency 
spectroscopy owing to the absorption of energy from the radiation was suggested 
and observed in experiments on the nuclear magnetic resonance by Purcell, 


* For the purposes of this calculation it is assumed that the thermal relaxation time is identical 
with the mean time between collisions which interrupt the absorption of radiation. 
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Torrey and Pound (1946), and Bloch, Hansen and Packard (1946). In these 
experiments with liquid or solid samples, the thermal relaxation time is unknown, 
even as to order of magnitude, and a main interest lies in its determination by means 
of the decrease in the apparent absorption coefficient as the energy density of the 
radiation isincreased. Inthe case of ammonia, the thermal relaxation time should 
be of the same order as the mean time between collisions* which is accurately 
known from the width of the spectral line, measured at low energy density. The 
opportunity arises, however, of determining whether every collision which is 
effective in interrupting the absorption of radiation is also effective in tending to 
restore thermal equilibrium. This may be accomplished by measurement of the 
thermal relaxation time by observation of the variation of the absorption coefiicient 
with pressure at various power levels, which is more convenient experimentally 
than the complementary method of observing the decrease in the apparent 
absorption at a given pressure as the power level is increased. In the following 
sections the theory of the method is developed, and the predicted results are com- 
pared with those obtained experimentally by measurements at the centre of the 
line (3,3). From this comparison the ratio of the thermal relaxation time to the 
mean time between collisions is obtained. 


$2) THEORY 


Since the strength of the absorption depends only on the difference between the 
number of molecules occupying the lower and the number occupying the higher of 
the two energy levels between which transitions are taking place, it is sufficient 
to work in terms of this difference, rather than the actual numbers themselves. 
Let 2, be the excess number of molecules in the lower state corresponding to the 
actual temperature of the gas, and let m be the actual excess when radio-frequency 
power is applied. Then in the equilibrium condition the rate at which the r.f. 
power is causing 7 to decrease must be balanced by the action of collisions which 
tend to restore 7 to the value m) corresponding to thermal equilibrium. If f is the 
number of transitions per second per molecule caused by the radiation, then the 
rate of change of n is (— 2m), since the transfer of one molecule from the lower to 
the upper state reduces the excess by two. The rate of change of n due to collisions 
may be written (cf. Fréhlich, 1946) as (%)—m)/7,, where 7, is the mean time 
between collisions that are effective in tending to restore thermal equilibrium. 


Hence we have 


In the steady state dn/dt=0; hence 
Hippie ee | et SR (5 a) 
and this equals the ratio of the observed absorption coeflcient («) to the true 
absorption coefficient (%) which would be observed if the energy density of the 
radiation were infinitely small. 
Since the ratio n/m) is only appreciably different from unity for very low 
pressures, where the spectral lines are narrow, it is sufficiently accurate in the 
* In this paper, where the word “collisions ”” occurs unqualified, it is to be understood as 


referring to collisions which produce interruption of the absorption of radiation. This restriction 
is introduced to avoid constant repetition of this phrase. 
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evaluation of 8 to neglect the second-order term introduced by Van Vleck and 
Weisskopf (1945) and Fréhlich (1946) into the collision broadening theory of 
Lorentz. Then ata place where the electric field of the radiation is E cos 27vt the 
chance of a molecule making a transition between two energy levels W,, and W,, in 
a time ¢ is 


(Qin, a) we | eam n 


(cf. Pauling and Wilson, /ntroduction to Quantum Mechanics, Chap. X1, equation 
(40-12)). Here 


O 


= f 0 
HLemn — | Br Lehn do 


where , is the component of the electric dipole moment in the direction of the 
electric field of the radiation. Since the dipoles are randomly oriented, 


2 
(eee aa Gaps at (era = (Lan sy) ¥ 

In the measurements to be described the frequency of the applied radiation 

corresponded to the centre of the spectral line; i.e. hy = W,,, — W,, and (6) becomes 
: 7? | Hon |? 
(4x @m) = F3 agape BA) eS eee (6a) 

The value of ¢ in this equation is that corresponding to the actual time between 
successive collisions; since this time is random, an average must be taken over all 
possible values. For present purposes it is sufficient to assume an exponential 
distribution (1/7) e“” of the values of t. Then, since tf? = 272, (6a) becomes 


ee Da72 2 
(a, ay) = a [Hom |? E72 


308 Eth, (kl ements ete 


and the 6 of equation (5) equals (a; a,,,)/T. 

The appropriate value of 7 in equation (6 4) is the mean time between collisions 
which are effective in interrupting the absorption of radiation, and 7 is therefore 
related to the line breadth constant for collision broadening. The value of + 
may therefore be found by observation of the width of the spectral line under 
conditions where broadening due to causes other than collisions between the mole- 
cules is negligible. 

In applying equation (65) to a case where the absorption of energy from the 
radiation is so great that thermal equilibrium is disturbed, it is necessary to examine 
its validity under these conditions. The expression for the transition probability 
(equation (6)) is derived by means of first-order perturbation theory, where the 
assumption is made that the chance of a transition in the time ¢ is very small. It is 
obvious from equation (5a), however, that n/n) will only be materially smaller 
than unity when the term 287, is no longer small. If7, is approximately equal to 7, 
the value of (ax, a) must be of the same order as 87,; that is, unityor more. Thus 
equation (6 d) is here being applied under conditions where its method of derivation 
is no longer justified, if 7 is materially less than m). However, in the absence of an 
exact theory* it is interesting to examine whether the variation of the absorption 

* Professor M. H. L. Pryce informs us that preliminary work on a theory which avoids these 


limitations indicates that the formula (equation (7)) for (a/%9) is valid even when the apparent 
absorption coefficient is materially smaller than the true value. 
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coefhcient observed experimentally can be adequately represented by formulae 
deduced in this way. 

If the absorption is observed using a plane wave traversing the unbounded 
medium, equation (5) becomes simply 


de ke. An? 
0/09 = n/t =1 / ¢ + xp | Hmm } Br, | male: (7) 


3273 
= i/(1 + frig | Mal? Wrr,) Seay. (7 a) 


where W=ck?/87 = energy transmitted across unit area per second. 


In a waveguide, or cavity resonator, the effect is more complicated owing to the 
inhomogeneous distribution of the electric field. Most of the absorption occurs 
at a place where the electric field is strongest, and at this point the value of 7/1 will 
fall below unity by the greatest amount. At other places the disturbance of thermal 
equilibrium owing to the effect of the radiation will be less, and the values of n/n 
will be closer to unity. Clearly the observed value of «/a» will be that correspond- 
ing to an average value of m/n9, obtained by evaluation of the integral 

ye, EP + 2P eV | 
Of) = 2811 en ae (8) 
| eav 
the integral being taken over the whole volume in which radiation is acting on the 
gas. An explicit expression for this integral cannot be given for the general case, 
but it may be shown that fora given shape of cavity and mode of excitation its value 
depends only on the non-dimensional parameter 


@ = (477/3h?). |pmnl?. 77. - (2W /V), 
where W’ =total energy stored in cavity, 


V =total volume of cavity, 


g=dimensionless constant calculated from the configuration of the 
electric field. 

In these experiments a cylindrical 
cavity in the H, mode was used, and the 
relation between («/x%)) and a’ is shown 
graphically in figure 1. The evaluation 
of the integral in equation (8) for this 
case is given in Appendix A. 06) 

For the comparison of this theory & 
with the experimental results the values 94 
of the variables in the parameter (a’) are 
required. For the inversion lines of 
ammonia the matrix element for a rota- 
tional state denoted by the quantum 
numbers (J, K) is 0 50 09 150 200 

[vax arte eae eas Figure 1. Fractional drop in absorption («/«9) 
‘The remaining quantities can only be de- cee Coal nan 
termined by experiment. ‘The mean time cylindrical resonator. 
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between collisions which interrupt the absorption of radiation (7) is found from 
the line breadth constant (Av) measured under conditions where only collisions 
are significant in broadening the line, using the relation 

7 = 1 /(2aAve) 
The total energy W’ stored in the resonator can be found by measuring the power 
dissipated in the resonator and the circuit magnification factor Q; the volume 
is known from the dimensions of the cavity. 

There remains the thermal relaxation time 7, which cannot be determined 
independently. Since, however, the thermal relaxation is due to collisions between 
the molecules, one would expect that 7, should vary inversely with the pressure in 
the same way as the collision time r. It is therefore convenient to work in terms 
of the ratio of these two times (7,/7) as a parameter whose value should be indepen- 
dent of the pressure. The value of a’ may then be written 


po th os) ST) 
= 3(he? Av \ V7 


where only the ratio (7,/7) is undetermined. 

The development of the theory has thus been carried as far as possible, and its 
results can be subjected to experimental test. The purpose of such a test is. 
two-fold: 

(1) To examine whether the formulae derived by this theory are applicable 
when thermal equilibrium is seriously disturbed, and the ratio of the apparent to. 
the true absorption coefficient is very much less than unity. 

(2) ‘To determine the ratio of the thermal relaxation time 7, to the mean time 
between collisions 7. ; 

If it is found possible to represent the whole range of the experimental results 
by curves calculated from the theory with a single value of the undetermined 
parameter (7,/r), it seems justifiable to assume that the theory is satisfactory and 
that the results yield a value of the thermal relaxation time. 


§3. EXPERIMENTAL APPARATUS 


The apparatus used in these experiments was the same as that previously 


described (Bleaney and Penrose 1947b) for measurements on the spectrum of 


ammonia gas at pressures of about 1 mm. Hg, and only a brief outline need be given 
here. ‘The lay-out of the apparatus can be seen from the photograph (figure 2). 
Power from a reflexion klystron A is fed into a rectangular waveguide, its magnitude 
being adjusted by means of the variable attenuator C. Its wavelength can be 


determined by means of the sharply tuned wavemeter E with an accuracy of one or 


two partsin 10000. ‘The experimental chamber H is a cylindrical cavity resonant 
in the Hy mode, which can be evacuated or filled with ammonia at any desired 
pressure. ‘I'he cavity is tuned by a plunger driven by a micrometer head M, 
whose motion is magnified, when necessary, by the mirror, lamp and scale. 

The cavity is excited by power fed from the waveguide through two small holes 
in the narrow side of the rectangular guide. The waveguide is terminated by an 
attenuator J, followed by a silicon-tungsten crystal rectifier (not visible) which 


acts as a monitor. ‘To measure the power flowing along the guide, this can be 
replaced by a thermistor bolometer. Resonance in the cavity is detecte1 by 
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another crystal rectifier K, preceded by an attenuator L, coupled to the cavity 
through a small hole in the side of H. The rectified current from this crystal is 
proportional to the energy density in the cavity, and the strength of the absorption 
of the ammonia is measured by means of the change in the energy density in the 
cavity on admitting the ammonia. If6d5, 6, are the crystal current readings before 
and after admitting the ammonia, then the absorption coefficient per cm., «, may 
be calculated from the relation 


a= {Ye Ip, tee (12) 


where A is the wave-length of the radiation in free-space and Q, is the circuit 
magnification factor of the empty resonator. Q,is determined from the movement 
of the micrometer head required to detune the resonator to the half-power points,. 
and can be measured with an accuracy of a few per cent. 


Measurements 


To test the theory of the disturbance of thermal equilibrium developed above, 
the procedure adopted was to measure the apparent absorption at the centre of the 
line (3,3) at pressures from 1-5mm. Hg down to a few hundredths of a mm., 
using two different power levels. This line is one of the strongest in the ammonia 
spectrum, and at these pressures the absorption due to the tails of neighbouring 
lines is very small. The centre of this line lies at 0-7964cm-', and can be deter- 
mined very accurately by locating the maximum of the absorption at a pressure of 
about 0-!mm. The reading of the micrometer head attached to the resonant 
cavity corresponding to this maximum was observed in a preliminary experiment, 
and the subsequent measurements were all made with the frequency of the 
oscillator adjusted to be within 0-00002 cm-* of the exact centre of the line. 

The amount of r.f. power entering the cavity cannot be measured directly, 
but may be deduced from measurements of the power reaching a detector placed at 
the end of the input waveguide when the cavity is first detuned from, and then 
tuned to, resonance. A simple calculation based on the assumption that both the 
generator and the detector are matched to the waveguide shows that if the drop in 
the detector reading is a small fraction r of its initial reading, then the power enter- 
ing the resonator is a fraction 7/(1 +r) of that incident on the detector before tuning 
the cavity. The power flowing along the main waveguide was measured by a 
bolometer whose sensitive element was a thermistor. On adjusting the cavity to 
resonance the reading of the bolometer fell by 13°% and the power entering the 
cavity is therefore a little under 12%, of the incident power. The remaining 1% 1s. 
reflected back to the generator owing to the slight mismatch caused by the imped- 
ance reflected into the guide when the cavity is tuned. 

At the lowest power level the thermistor was not sufficiently sensitive to 
measure accurately the drop in power on tuning the cavity as the power incident 
on the thermistor could only be determined to within 10%. ‘To verify that the 
fraction of this power entering the cavity was the same as at the higher level, the 
thermistor was removed, and the attenuator J followed by a crystal detector was 
replaced. It was found that the drop in the rectified current from the crystal on 
tuning the cavity was in good agreement with that obtained with the thermistor at 


the higher power level. 
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These methods were used to determine the power dissipated, and hence the 
energy density in the resonant cavity when it was evacuated. When ammonia 
is admitted the Q of the cavity drops owing to the absorption of energy by the gas, 
and less power is drawn by the cavity from the main waveguide. ‘The energy 
stored in the cavity changes, therefore, with the square of G. It is not necessary to 
determine the O and the power entering the cavity at each pressure of ammonia, 
however, since the change in the energy density in the cavity is measured directly 
by the change in the power registered by the crystal detector K. From the latter 
the absorption coefficient of the ammonia is also calculated by equation (12). 

The power output from the oscillator to the waveguide remained constant to 
within 2° during the experiments. The procedure was therefore as follows: 
After the measurement of the power entering the evacuated resonator the rectified 
current of about 1 ja. from the crystal K was observed by a sensitive galvanometer. 
Ammonia was then admitted to the cavity, its pressure being measured by the 
McLeod gauge shown in figure 2, and the new reading of the galvanometer 
observed. The cavity was evacuated and the procedure repeated with different 
pressures of ammonia until sufficient points were obtained to delineate a curve of 
absorption coefficient against pressure. 


§4. RESULTS 

Measurements were made at two power levels differing by a factor of 70. At 
the higher level the power in the waveguide was 12:3 mw. at the coupling to the 
resonant cavity; this was the maximum that could be obtained using sufhcient 
attenuation in the guide to prevent errors due to change of oscillator frequency on 
tuning the resonator. ‘The power entering the resonant cavity when evacuated 
was 1-4mw. 

In the second series of experiments, the power was reduced to as low a value as 
possible, the limit being set by the sensitivity of the detector. ‘The power level 
in the waveguide was 0-16 mw., and the power entering the resonator was approxi- 
mately 20 uw. 

The resonator was used at its second resonance and was 1:82cm. long; its 
radius was 1:05,cm. ‘The circuit magnification factor Q, of the empty resonator 
was measured and found to be 8500. 

The change of the absorption coefficient with pressure at the two power levels 
is shown in figure 3, where the absorption is expressed both per cm. of path and in 
decibels per kilometre. It will be seen that the drop in the apparent absorption 
as the pressure is reduced occurs at much greater pressures when the power level is 
higher. In fact the pressures in the two curves at which the absorption has fallen 
to a given value are very closely in the ratio of 70: 1i.e. the square root of the ratio 
of the two powers, as would be expected if the phenomenon is due to disturbance of 
thermal equilibrium. At pressures above 0-2 mm. Hg the absorption coefficient is 
very nearly constant when the lower power level is used, showing that contri- 
butions to the width of the line from causes other than collision broadening are 
negligible. ‘The experimental values of the absorption coefficients show a slight 
increase at the higher pressures, due to the contributions from neighbouring lines. 
The additional absorption from this cause has been calculated, and subtracted 
from the experimental points before plotting them in figure 3. 
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To compare these results with the variation of absorption with pressure and 
power level predicted by the theory developed earlier in this paper, the width of the 
spectral line is required, measured at low energy density so that thermal equili- 
briumis not disturbed. As reported previously (Bleaney and Penrose 1947 b) the 
width is found from the shape of the line at a pressure of 0-5 mm. Hg, determined by 
measurement of the absorption coefficient at a sufficient number of frequencies to 
delineate the line. ‘hese measurements are shown in figure 4, where the absorp- 
tion coefficient is plotted against the wavelength in the resonant cavity, small 
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A. Power entering evacuated cavity =12°3 milliwatts. of 0°5 mm. Hg. 
© Experimental points. 
— Theoretical curve, assuming (7,/7)=1°75. 


B. Power; entering evacuated cavity =20 microwatts. 
x Expe1imental points. - 
—— Theoretical curve, assuming (7,/7)=1°75. 


changes in which are proportional to changes in the wave-number. ‘The full line 
shows the theoretical absorption curve, calculated from the formula 
oes 4a | war |? v? Nyx Av 
ae 3RT Av? + (v% —v)?; 


where 
| ex |? =|Ms 9|2= 211-44 10 78)? €.s.u. 
The value 4:5 . 10°-4cm7? for the line breadth constant Av has been taken as giving 
the best fit with the experimental points. ‘The agreement between the experi- 
mental and theoretical values is very close, and the error in the value of Av cannot 
be more than | or 2°. Since Av varies linearly with the pressure, one may write 
Ni OO GAOs Part | (Cin) 

An expression relating the constant a’ of equation (11) with the experimental 

data can now be found. ‘The energy stored in the resonant cavity is W’=QW/w. 


~ 


Here the measured quantities are not Wand Q but W,, the power dissipated in the 
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empty resonator, whose circuit magnification is Qp. When ammonia is admitted 
so that the rectified current from the crystal detector K falls from 5, for the evacu- 
_ated resonator to 8,, the value of W’ is 

W’ = (QoWo/)(81/2o)- 
From these equations, and data given earlier in this section, the value of a’ is found 
to be 

a’ = (0-63 /Pinm)(51/8o) 
_at the higher power level, and 

a’ =(0-0090/ p>. 1,)(84/50) 
_at the lower power level. 

The values of (5,/5)) corresponding to each point in figure 3 are known from 
the measurement of the absorption. As a first attempt, the theoretical drop in the 
absorption coefficient was calculated assuming that the thermal relaxation time 7, 
was equal to the mean time between collisions. The curves of («, p) constructed in 
this way were found to be similar to the experimental curves, but the decrease of the 
apparent absorption was rather less than that observed experimentally. For both 
power levels the discrepancy was such that it appeared likely that the introduction 
of a simple multiplying factor of rather less than 2 into the values of a’ would shift 
the calculated curves for both power levels into good agreement with the experi- 
mental points. To find the best value of this multiplying factor, the values of the 
constant a’ which would be required to give the observed drop in the absorption 
coefficient were calculated for each of the experimental points at the higher power 
level. It was found that the values of a’ for the most reliable points were between 
1-7 and 1-8 times greater than those calculated on the assumption (7,/7)=1. ‘The 
theoretical curves for both power levels were therefore recalculated assuming 
(7,/7)=1-7, and are shown as full lines in figure 3. It will be seen that the 
experimental results are in good agreement with the theoretical predictions made 
on this basis. 


§5. DISCUSSION 


Although the absorption coefficient has fallen at the lower pressures to about 
one-twentieth of the value which would be observed if the energy density of the 
radiation were sufficiently small, the theory is still successful in representing the 
experimental results. It may therefore be inferred that the formula (7) for the 
apparent diminution in the absorption is valid even under these conditions where 
its method of derivation cannot be justified. The success of the theory makes it 
permissible to discuss the significance of the thermal relaxation time found by 
means of these experiments. 

A few simple considerations indicate that the value of the ratio of the thermal 
relaxation time (7,) to the mean time (7) between collisions which are effective in 
interrupting the absorption of radiation should lie between fairly narrow limits. 
Since it seems impossible to conceive ofa collision mechanism which is effective in 
producing thermal relaxation without interrupting the absorption of radiation, it is 
reasonable to suppose that (7,/7) cannot be less than unity. On the other hand a 
‘kinetic theory collision”’, 1. e. a collision in which there is an appreciable transfer 
of momentum between the molecules, must surely be effective in producing 
thermal relaxation. ‘This leads to an upper limit for (7,/7). The value found fos 


Pressure broadening of the inversion spectrum of ammonia 95 


(7,/7) in these experiments by no means approaches this upper limit, however. 
Viscosity measurements show that an appreciable transfer of momentum between 
ammonia molecules only occurs when they approach to within a distance of about 
3 a., whereas the value of the line breadth constant for this absorption shows that 
the interaction of the molecule with the radiation field is interrupted by the 
approach of another molecule to a distance of about 14a. 

Consideration of the experimental errors suggests that the value 1-7, of the 
ratio (7,/7) assumed in fitting the theoretical to the experimental values is probably 
correct to within +10°%. ‘The distance between the molecules at which the inter- 
action is sufficient for the purposes of thermal equilibrium is thus about 
14/\/1-75=11a., which is still considerably greater than the kinetic-theory 
diameter of the molecule. It must be remembered, however, that the absorption 
only effects the distribution of molecules amongst the two energy levels of the 
inversion doublet whose separation is very small (0-8cm-!). ‘The restoration of 
the correct thermal distribution may therefore be effected by the interaction of 
two molecules at a distance much greater than that required for the transfer of 
momentum. 

A lengthy discussion of the significance of the difference between the thermal 
relaxation time and the mean time between collisions which interrupt the absorp- 
tion of radiation would seem to be premature. ‘The theory of collision broadening 
of Van Vleck and Weisskopf is based on the concept of a classical harmonic 
oscillator whose transient amplitude and phase after a collision are distributed in 
accordance with a Boltzmann function. ‘Thus every collision is effective in 
restoring thermal equilibrium. On the other hand, the concept of the disturbance 
of thermal equilibrium is based on the existence of discrete energy levels, and the 
theory is essentially quantum-mechanical, as is obvious from the presence of 
Planck’s constant in the formulae. It is thus very difficult to discuss the pheno- 
menon from the point of view of the theory of Van Vleck and Weisskopf, and no 
analogous theory has yet been developed on quantum-mechanical principles, 
It seems pertinent to enquire, however, what meaning can be attached to a “‘ colli- 
sion”’ on such a theory. The absorption of energy from the radiation tends to 
equalize the numbers of molecules in the upper and lower levels between which 
transitions are taking place, and thermal relaxation tends to restore the unequal 
distribution appropriate to the temperature of the gas. ‘That is, thermal relaxation 
collisions cause a net transfer of molecules from the upper to the lower level. The 
fact that 7 is less than 7, shows, however, that a large proportion of the collisions 
which interrupt the absorption are not effective in causing such a transfer. ‘The 
fact that they cause a broadening of the spectral line shows that they must effect the 
wave function of the molecule in some way, even though they leave the molecule in 
the same energy level. It may prove necessary, therefore, to consider the phase 
of the wave function (which is ordinarily neglected), and to attribute to a collision 
a random change of phase in the wave function similar to the change of phase of the 
harmonic oscillator in the classical theory. Full elucidation of this point must 
await the proper formulation of a wave-mechanical theory of collision broadening. 


§6. CONCLUSION 
Apart from its intrinsic interest in the study of collision broadening, the pheno- 
menon described in this paper is important in connection with the limitation of the 
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resolution of close spectral lines which it causes. ‘This limitation arises in a two- 
fold manner; the absorption is reduced, making the lines more difficult to observe ; 
but it is reduced less in the wings of a line than in the centre, giving the line an 
artificial breadth. The results of this paper support the assumption made in the 
theory that the line breadth due to collisions varies directly as the pressure, at any 
rate down to 0:03 mm. Hg. ‘There is no reason to believe that this law will not be 
obeyed down to pressures of about 0-001 mm. Hg where the Doppler breadth 
would be of the same order as the collision breadth. To avoid disturbance of 
thermal equilibrium at such a pressure, the power entering a resonator, such as 
used in our experiments, would have to be reduced to about 10 7° watt. he 
power reaching a loosely coupled crystal detector would be about 10 1? watt, which 
is well above noise level if a superheterodyne method of detection is used. It 
should thus be possible to observe lines whose widths are about 10° cm. 

The phenomenon of disturbance of thermal equilibrium is not confined to the 
resonant-cavity method of measuring absorption, though it occurs at lower powers 
and higher pressures than in,a waveguide transmission method owing to the higher 
energy density in the resonant cavity. The decrease in intensity of the ammonia 
lines observed by Good (1946) at low pressures in a waveguide has been attributed 
by the authors (Bleaney and Penrose 1946b) to disturbance of thermal 
equilibrium. 

The derivation of the formula quoted there is given in Appendix B; the assumption 
was made, however, that the thermal relaxation time is equal to the mean time 
between collisions. ‘The fact that it is found experimentally to be somewhat 
longer shows that the effect on the absorption will be rather more pronounced than 
calculated by the authors in that.paper. The phenomenon of the disturbance of 
thermal equilibrium in waveguide measurements has been confirmed indepen- 


dently by Townes (1946), who shows that the effect is of the right order of magni- 


tude if the thermal relaxation time is approximately equal to the collision time. 


ACKNOWLEDGMENTS 


The authors are indebted to Professor M. H. L. Pryce for considerable discus- 
sion and detailed criticism of the theory of this paper. 

The work described in this paper was carried out partly on behalf of the 
Director of Scientific Research, Admiralty, and the authors wish to record their 
thanks for permission to publish. They also acknowledge gratefully a Senior 
Studentship from ths Royal Commission for the Exhibition of 1851. 


APPENDIX A 
Evaluation of (%/% 9) for a cylindrical H, resonator 


In these experiments, a cylindrical cavity resonator was used excited in the 
H, mode, and the azimuthal component of the electric field at the point whose 
cylindrical coordinates are (r, ¢, 2) is 


E=E,J,(kr)sin@najayo (9) 


where k is determined from the relation (kb) =3-832, b being the radius of the 


cylinder, and A, is the wavelength in the cavity. The other components of the 
electric field are zero. 
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Insertion of (9) into (8) yields a double integral, to be evaluated over the 
coordinates rand s. ‘The latter integration is simpler, being of the form 


(n]n,)= A | | {sin26/((1-+asin2@)}d0 ka (10 a) 


where 
4 2 
a= a5 | Mal? Ey2J,%(kr)rr,. 
This integral may be evaluated explicitly, giving 
n/N = i(1- a=) (10%) 
eae = irae a a 


where the constant A has been determined by letting a tend to zero. 
The remainder of the double integral is of the form 


a Dard (kr) 1 
n/ =f’ Tt (1- pean 
(71/70) | o Jy(kr) Ne a'J ,?(kr) é 
2 
where a’ a a | Pimn e Lorre. 


Here the 27r arises from the element of volume, and the J,?(Ar) in the numerator 
from the variation of the electric field strength in the numerator of equation (8). 
The integral may be written 


—— 73°832 | - 
Ba ee 
n; Ny=A ip ( ~ V/1 Ta) dx. 
The constant A” is determined by the relation (obtained by letting a’—0) 


(3832! 
1=A” — J ,2(x)d. 
(. Mae A (x)dx 
= A’’a'0-60. 


Hence 
“ — 1-67 73'°832 1 
ae al ee eiisivicksite (11) 


0 
There does not seem to be any method of evaluating this integral except by 
numerical computation for different values of the parameter a’. ‘This has been 
carried out for values of a’ up to 200, at which the apparent absorption coefficient 
is smaller than the true value by a factor of about 20. The results are shown in 
figure 1, where («/x 9) is plotted as ordinate and a’ as abscissa. 
It is convenient to relate a’ to the total energy W’ stored in the cavity. Fora 


cylindrical Hy resonator, whose length is m half-wavelengths, we have 
mAg 


1 (2 
ye i Seane 
W arb E£,2sin 1 


=E2V . 3-2. 10°, 


rb 
Ae gs | Qnrd ,2(kr)dr 
10) 


g 


where y= 162 9 = volume of cavity. 
Hence 
, 40” ‘ 3-1.10? W"\ 
a= apaltin |? 77 Benak: . 
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It is obvious that similar computations may be carried out for any shape of 
resonator and mode of excitation, and that the results may be expressed in the form 
of a curve of («/x9) (similar to, though not identical with, that shown in figure 1) 
against a non-dimensional parameter a’ which may be written 


as oW' 
Cs Ril Hann |? 776 5} 


where g is a dimensionless constant which can be calculated from the field con- 
figuration in the cavity. 
APPENDIX B 
Evaluation of (%/%») for rectangular H,, waveguide 


In a rectangular waveguide excited in the Hy, mode the electric field has only 
one component, parallel to the narrow side, which varies as 
E=£,sin7x/b 
from side to side, where / is the wide dimension of the guide. ‘This leads to an 
integral similar to (10a) above, with a solution 


ie 1 
= n|No = = > }» 
Xo a Vli+a 
47? 
where a= 353 | pera | gs 


The power flowing down the guide is 


A AcE,? 
eae 
where A = cross-sectional area of guide, | 


\= wavelength in free space, 
A, = wavelength in guide. 


Hence, substituting for 7 in terms of Av, a becomes 


= 1677 | umn |? Wd, Te 
@* 3(he)2(Av)? \A cd) \7 ] 


The equation for («/a») can only be applied to a short length of guide, where W 
is substantially constant. If a long length of guide is used, in which there is 
considerable attenuation due to the absorption of radiation by the gas, a further 
averaging of (m/m9) over the length of the guide must be carried out. No explicit 
expression can be given for this case, because the power will not vary exponentially 
along the guide when thermal equilibrium is disturbed. ‘The attenuation will, 
in fact, be less near the input, where the energy density is greater, than near the 
output. 
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Figure 1 (a). Are pattern with specimen Figure 1 (b). Arc pattern with specimen | 
perpendicular to beam. inclined at 45° to beam. 
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ABSTRACT. ‘Thin films of stretched rubber yield electron diffraction patterns which 
exhibit, in addition to the Laue spots, a pattern of diffuse zones. 

Finch and Wilman (1937) obtained similar composite patterns from various organic 
crystals and, with Charlesby (1939), they showed that in the case of anthracene the diffuse 
zone pattern owed its origin to molecules in the crystal, but was similar to that which 
would be obtained by scattering from independent molecules oriented as in the crystal. 
The present study has demonstrated that this is also true in the case of rubber, and an 
appreciation of the significance of the diffuse-zone pattern has led to an advance in our 
knowledge of the structure of natural rubber. 


SNR ODI Cre TON 


-RAY fibre diagrams were first obtained from stretched natural rubber 
by J. R. Katz in 1925. Since then many workers have examined rubber 
é in both the stretched and unstretched state and have made estimates 
of the lattice constants of the pseudocrystalline structure produced on stretching. 
C. W. Bunn (1942) recorded an important advance when he arrived at a detailed 
atomic structure for the extended molecule by appreciating the relative intensity 
distribution in the x-ray pattern and applying the trial and error method. This 
structure, though it could not be claimed as final, did not conflict with the observed 
facts. Other workers, notably Jeffrey, with Cox and Bateman (1942, 1943, 
1944), realising that the experimental data available from a fibre diagram are 
insufficient for a unique Fourier synthesis of the atomic positions, have preferred 
to examine the crystal structure of relatively simple materials containing isoprene 
units or related atomic groupings from which the configuration of the elementary 
units in the poly-isoprene chain might be inferred. It is clear, however, that 
we are still far from having reached finality in the determination of the molecular 
structure and arrangement in natural rubber. 

Electron diffraction patterns have been obtained from both stretched and 
unstretched natural rubber (Trillat and Motz 1934, Kruilov 1935), but have 
hitherto added little to the data already provided by x-rays, chiefly owing to the 
fact that the intensity distribution in the electron diffraction patterns obtained 
from thin films is so markedly influenced by the relaxation of the third Laue 
condition. 

In 1937 Finch and Wilman first drew attention to the fact that the transmission 
spot patterns obtained from single crystals of a number of aromatic compounds 
avere associated with a remarkable pattern built up of diffuse areas of scattering, 
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and they recognised that this diffuse scattering pattern originated from the 
molecule and was not due to the lattice as a whole. Indeed, in 1939, with 
Charlesby, they showed that this diffuse-zone pattern was due to molecules which, 
though oriented with respect to the beam in accordance with the crystal orientation, 
were apparently executing thermal vibrations about their mean lattice positions. 
The pattern resembled, except for a slowly varying radial factor, that to be 
expected if the electron beam had been scattered by independent isolated molecules 
which had the same orientation as in the normal crystal. It is clear that this. 
diffuse background pattern should, on account of its molecular origin, help in 
determining both the molecular structure and the molecular orientations in 
organic crystals which exhibit, as in anthracene, sufficient regularity of atomic 
arrangement within the molecule. It has now been found possible to obtain 
well-marked diffuse background pavterns from stretched raw rubber, and these 
bave thrown fresh light on the structure and arrangement of the molecules in 
natural rubber. 


§2 EXPERIMENTAL 


Transmission patterns were obtained from films which were stretched to: 
about ten times their original length, the thickness of the film before stretching 
being of the order of 2000a., as estimated from the interference colours under 
oblique illumination. The films were prepared by spreading a few drops of a 
solution of rubber in benzene on a clean water surface in a Langmuir trough; 
two chromium-plated bars were then placed across the trough and drawn apart, 
thus stretching the rubber film adhering to their lower surfaces. A portion of the 
stretched film was then picked up on a grease-free nickel gauze and examined. 
in a Finch-type electron diffraction camera working with a camera length of 
47 cm. and an accelerating voltage of 50-60 kv. 

The types of pattern obtained are illustrated in figures 1 (a), (6), (c). Generally 
speaking all the patterns showed evidence of both the normal crystalline and the 
diffuse-zone patterns. ‘The most favourable exposure conditions for bringing 
out the two were, however, different, a comparatively long exposure being 
required for the diffuse background pattern. Thus figures 1 (a) and (6) show 
the crystalline patterns obtained with a short exposure (about 10 sec.), with the 
film perpendicular to the beam for figure 1 (a) and inclined at an angle of 45° 
for figure 1 (b), the fibre axis remaining perpendicular to the beam in both cases, 
while figure 1 (c) shows a typical diffuse-zone pattern of long exposure (30 sec.) 
taken with the film perpendicular tothe beam. Well-defined diffuse-zone patterns 
have not yet been obtained with the film sufficiently inclined to the beam to 
make any appreciable difference to this pattern, since the greater effective 
thickness of the film gave rise to sundry confusing effects such as a charging up. 
of the specimen and loss of orientation under the prolonged electron bombard- 
ment necessitated by this greater thickness. It is also probable that the diffuse 
background pattern would still not be given prominently by the steeply inclined 
films, even if these disturbing influences could be eliminated, because in the case 
of a single crystal the intensity of the background pattern relative to that of the 
spot pattern should, according to Charlesby, Finch and Wilman (1939), vary 
inversely with the number of atoms in the crystal flooded by the electron beam 
which is in this case proportional to the effective thickness of the film. é 
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os. THE ARC PATTERN 


In appreciating the electron diffraction patterns the first step was to ascertain 
what measure of agreement existed between the arc pattern and the x-ray fibre 
diagram. A number of unit cells differing in detail have been proposed by 
various x-ray workers, but as C. W. Bunn (1942) has made the only complete 
structure analysis, his work was taken as giving the best available data; his pro- 
posed unit cell is monoclinic with a=12-464., b=8-89a., c(orientation axis) = 
8:10a., 8=92°, and space group P2,/a. 

It is immediately clear from the difference between figures 1 (a) and 1 (d) 
that the crystalline regions in the rubber films examined here have a strongly 
preferred orientation in the plane of the rubber film. A rough calculation 
indicated that this orientation was such that the a and c axes tended to lie in the 
plane of the rubber film. Working on this basis and using, for a first trial, the 
orthorhombic cell with a=12:5a., b=8-9a., c=8-1a., B=90°, which is a slightly 
simplified version of Bunn’s proposed cell, it was found possible to index all the 
spots appearing in the present work (table 1). There were no results specifically 
requiring the monoclinic cell, but the possibility of this being the true cell cannot 
be ruled out, as a deviation of 2° in 8 would not in general be observable in view 
of the angular spread of the arcs caused by imperfections in the orientation. 
Bunn himself only introduced this deviation of B from 90° at a late stage in his 
calculations in order to account for one weak spot which is unlikely to occur in 
these patterns because the specimen was stationary during the recording of the 
pattern. The systematic absences, while conforming to the requirements for the 
space group P2,/a, would equally well satisfy the higher and true orthorhombic 
symmetry of P2,2,2, requiring spots of types (h00), (0k0), or (001) absent for odd 
values of h, k, or 1; but again, reference to Bunn’s calculated intensity values 
indicates that while (001) spots are theoretically present for odd values of | they 
are so weak as to be unlikely to appear in the recorded pattern except in unusually 
favourable circumstances. The intensity distribution among the arcs in the 
electron diffraction patterns, figures 1 (a) and 1 (4), cannot be rigorously com- 
pared with that of the x-ray pattern, as it is influenced by the extent of the range 
of orientations present in the specimen, the relaxation of the third Laue con- 
dition, and the fact that the specimen was examined in selected stationary positions, 
thus enhancing the intensity from sets of planes which were preferentially 
oriented in a direction parallel to the beam. It is nevertheless of interest to note 
that, making some allowance for these factors, there is good qualitative agreement 
in intensity distribution between the electron diffraction patterns and the nermal 
(001) oriented x-ray fibre diagram (table 1). ‘Thus it appears that, while the 
electron diffraction arc pattern would fit a rather simpler cell having the ortho- 
rhombic form and space group P2,2,2,, there is no evidence which conflicts 
with the small change in 8 favoured by Bunn and the space group P2,/a; further- 
more, the intensity distribution is in qualitative accord with that of the x-ray 
patterns. 

With regard to the absolute value of the identity period, however, a real 
discrepancy between the electron diffraction results and Bunn’s values appears. 
Thus the best estimates of a and c measured against the graphite standard (110) 
ring, 1-228 kx. (Nelson and Riley 1945), were 12-46 + 0-02 kx. and 8-23 + 0-02 kx., 
compared with Bunn’s values of 12-46. and 8:10.a. respectively, from which it 
is seen that the present estimate of the identity period differs significantly from 
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Table 1. Comparison of observed spacings with those calculated for ortho- 


rhombic cell having a=12:5 a., b=89 a, c=S1 A, and comparison of 
observed intensities with those found by Bunn. | 
Electron diffraction patterns X-ray patterns | 
Spacings a Intensities found by 
Indices Intensities observed Bunn for (001) ori- 
(hkl) Calculated Observed ented fibre diagram 
Specimen Specimen Specimen Specimen As 
perpendicular at 45° to perpendicular at 45° to Observed Calculated 
to beam beam to beam beam 
200 6:25 6:21 6:19 VS — Ss 64:5 
120 Zot) 4-18 4-14 MW Ss VS 254 
400 Sel 3-08 — M — M 15 
*240 ) 210 ie = * ee ee Ae 
600 f 2-08 f S os 
800 1:56 1:54 — W — VVW 4-5 
920 IES) 1351 == VW = Vie SS 
1000 1-25 13) — W — VVW WS: 
111 5-40 — 5-35 -- VW VW 2 
201 4-95 4-92 4-89 VS VW iS) 24 
iI S872 — 3-69 VVW VW S Di} ! 
311 3-42 3-39 3°37 VVW Vw MW S 
AEN BES YL : 1* iv 
Lee Dasa) ce a vVvw : 
*231 2:54 a = = F 
611 1-97 he — vw = aes 0-5 
711 1:71 1-70 — VVW — Vw 1 
801 153 i251 == Vw == Vw 1 
002 4-05 4-05 4-05 VS VS MW 8 
0 3-69 = — — — MW 7 
112 3°54 — eo! — VW MW 3 
202 3-40 3-40 = Ss) = MS 26 
*022 3-00 — = VVW == M 6 
7122 291 — a= 0:5 
Bi 2°76 Deaf 218 VW W M 4 
402 2-47 2-48 — WwW — VVW 1 
*322 2-43 — — W —_— 2703) 
412 . L : 
or i 2-38 2-36 vw vw Ae aie 
512 ‘ fey 2-06 2-04 MS VW M 6 
432 1-90 ; “ss 2, 
249 { “1-86. a 1-88 = VW M os 
*612 1:81 — — Vw = VVW 2 
113 258 — 2:50 = VW 11 
203 2-48 2:51 ~ VVW BAY ght yt 
#123 De — — — — MW 6 
By a 
F183 EOF — a == = MW t 
oo ae 2-02 2:02 S VS MW 9 
4 82 a _ ms Ke ; a 
314 1-78 = 1:81 * a MW ate 
205 SS?) 1-58 — VW =a 
| : ; : 
506 1-19 No layer lines higher 
ner 1-18 1-17 cae VW = + than 4th order men- 
| tioned 
008 1:01 1:01 == Vw ear 


* Weak diffractions occurred on photographs trom a specimen oriented with its plane at 60° 
to the beam. 


t+ Values given here are rough means of hkl and ‘hkl values. 
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Bunn’s value of 8-10. although the two values for the a axis are in good agree- 
ment. ‘hese measurements were made on strong arcs of the (h00) and (00l) 
type and the graphite comparison ring was introduced by permitting a drop of 
diluted graphite suspension in water to spread and dry out on the stretched 
rubber film. The third axial length 5 was not investigated in detail as no spots 
of the (0k0) type appear in transmission patterns on account of the strongly 
preferred orientation with this axis perpendicular to the plane of the rubber 
film. 

Notwithstanding the difference in the absolute value of the identity period, 
the general agreement in form between the electron diffraction and x-ray results 
justifies the use of Bunn’s atomic coordinates as a basis for a preliminary in- 
vestigation of the molecular origin of the diffuse-zone pattern. 


§4. THE DIFFUSE-ZONE PATTERN 


The pattern reproduced in figure 1 (c) shows three distinct features: these are, 
(i) the haloes characteristic of the amorphous or liquid state, (ii) a pattern of arcs 
forming a typical crystal fibre diagram, and finally, (iii) a number of diffuse 
zones, the so-called diffuse background pattern ascribed by Charlesby, Finch 
and Wilman (1939) to molecular displacement by thermal motions. It is in 
these zones and their relation to the crystalline pattern that the main interest 
of this work lies. 

Since the diffuse zones in the inner regions of the pattern are associated with 
clusters of arcs it might at first be thought that they arose from some distortion 
of the crystalline lattice giving rise to broadening of the arcs. ‘Two considerations, 
however, indicate that this cannot be the whole explanation of the diffuse-zone 
pattern; these are that the broadening does not increase with increasing angle 
of diffraction, and that the diffuse zones occur in the outer regions of the pattern 
where there is no sign of associated arcs. Consequently we are led to some 
further consideration of the observed pattern in relation to the characteristics 
which would be expected on the molecular thermal vibration theory. 

In connection with their work on anthracene, Charlesby, Finch and Wilman 
(1937, 1939) developed a theoretical expression for the intensity arising from 
a group of rigid molecules oriented in accordance with the crystalline arrangement, 
but undergoing thermal vibrations. They found that the resulting pattern should 
consist of two parts: (i) the Laue spot pattern characteristic of the periodicities 
of the crystal lattice, and (ii) a pattern of diffuse zones characteristic of the atomic 
arrangement within the molecules, and that the intensities of the diffuse zones 
should increase relatively to those of the Laue spots with increasing angle of 
diffraction. ‘These conclusions were borne out by their diffraction patterns 
from anthracene, and the present rubber patterns show closely similar features, 
for it has been shown that the arc pattern corresponds to the normal crystalline 
arrangement, and it is readily apparent from figure 1 (c) that the diffuse zones 
become increasingly more intense relative to the arcs with increasing angle of 
diffraction, in fact, they remain prominent in the outer regions of the recorded 
pattern where the arcs have ceased to be even faintly visible. 

Thus the evidence points strongly towards the conclusion that the observed 
diffuse-zone pattern has this molecular origin. In what follows it is assumed 
that this is the case and consequently that the arrangement of the diffuse zones is 
characteristic of the atomic arrangement within the molecules and should 
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therefore enable us to define the structure of rubber more closely than has hitherto 
been possible. 

In order to use the diffuse-zone pattern in this way it is first necessary to 
consider the general form of the molecules involved and to make certain broad 
assumptions as to the manner in which they may be expected to vibrate. It is 
generally accepted that natural rubber is a long chain polymer of isoprene, C;Hg, 
and that its rubber-like properties arise from the great flexibility which the 
molecules exhibit on account of the freedom of rotation of consecutive units 
about single bond linkages. It is therefore obvious that the theory developed 
for anthracene, in which the molecules were treated as rigid vibrating entities 
cannot be applied‘directly to the long flexible molecules of rubber; a fundamental 
treatment of the problem requires some account to be taken of the relative move- 
ments of the atoms within the molecule. Asa beginning, however, the simplified 
case can be examined where the molecule is regarded as being divided into fairly 
short segments which undergo displacements relative to one another as a result 
of thermal vibrations while the atoms within a segment remain at rest relative 
to one another. 

The question then arises as to what length of the molecule can be considered 
to be included in a single segment. One obvious choice would be to regard 
each isoprene unit as a virtually rigid vibrating entity. There would, however, 
be some considerable simplification in the work of interpreting the diffuse-zone 
pattern if it were supposed to arise from a longer length of the molecule, since 
such a segment, including a number of identical units, would show a greater 
degree of geometrical regularity. It therefore seems worth considering whether 
any such choice would be reasonable, and in this connection it is necessary to 
consider the arrangement of the molecules in an extended specimen of rubber. 
The ‘stretched material is believed to contain a number of pseudocrystalline 
regions where sections of the chain molecules, oriented parallel to one another 
by the stretching, have linked together to form a three dimensional array; these 
regions are interspersed with disordered regions where the molecules are twisted 
and tangled in an entirely random manner. The length of a single molecular 
chain is about 10000a. (Staudinger and Bondy 1930), while the average linear 
extent of a crystalline region, as indicated by the breadth of the arcs in the x-ray 
fibre diagram, has been estimated to be of the order of 600 a. (Hengstenberg and 
Mark 1928). ‘Thus a single chain is likely to pass through several regions of 
order and disorder. The effect on the fibre diagram of increasing the extension 
is to enhance its intensity relative to that of the halo pattern without in any way 
altering the crystalline spacings; thus it would appear that further extension 
causes more of the material to take up the ordered arrangement while leaving 
those regions which were already crystalline unaffected. On the other hand, 
the disordered regions are never entirely smoothed out however great the 
extension, as is apparent from the persistence of the halo pattern right up to the 
maximum extension which the material will maintain without fracture. 

It would thus appear that we can legitimately regard the extended rubber 
specimen as comprising large numbers of comparatively rigid crystalline regions 
interlaced with disordered regions of greater mobility on which the continued 
extensibility of the material depends. From this argument it is apparent that 
there is some justification for supposing that the part of any chain molecule 
included in a single crystalline region might, to a first approximation, undergo 
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thermal vibrations as a rigid unit. Such a segment would have a definite repeat 
unit in the direction of the orientation axis (the identity period of the arc pattern), 
and could only give rise to diffractions along the same lines as the arcs in the crystal 
pattern. Reference to the pattern, figure 1 (c), shows that, except for a small 
angular spread similar to that observed in the arc pattern, the zones do in fact 
lie near these same lines, thus giving experimental support to the hypothesis. 
Therefore, in the discussion which follows, the diffuse-zone pattern has been 
treated as though it arose from molecular segments containing at least 10 to 15 
repeat units and with a total length of some 100 4., each behaving as a self-contained 
array of scattering centres diffracting quite independently of any adjacent chain 
or any other segment in the same chain. It is nevertheless appreciated that once 
the general lay-out of the molecule has been defined some further refinements 
may be obtained by taking into account the relative movements of atom groups 
within a segment and considering the pattern to be anticipated from individual 
isoprene units. An investigation of this kind is now being undertaken. 

The interpretation of the pattern has been approached by the trial and error 
method, and in order to do this it was first necessary to make some deductions, 
based on reasoning from other evidence, as to the atomic structure of the molecule. 
As mentioned above, rubber is a long chain polymer of isoprene, C;H,; the 
identity period along the extended chain is such that it must include two isoprene 
units, and Bunn (1942) has shown conclusively that it takes up the czs form in 
relation to the double bonds. By analogy with the long chain hydrocarbons 
it might be anticipated that the chain would be planar, but the identity period 
along the axis of elongation, which all observers agree to be in the region of 8-1— 
8-2 a., is too short to permit this without serious and improbable distortions of the 
accepted bond lengths and angles; consequently we are forced to the conclusion 
that the molecule is non-planar. There are, then, many ways in which the chain 
can be supposed to be kinked and twisted to give the observed identity period. 
For the present work, however, two models have been selected for investigation : 
the first is the structure proposed by Bunn which was taken because it was the 
only complete structure so far proposed on the basis of direct experimental 
results; the second, hypothetical, structure has been chosen as involving the 
minimum of distortion from the wholly planar form, and therefore forming a 
useful basic model on which further modifications can be imposed if necessary. 
It is a model in which all the carbon atoms of each isoprene unit are planar and 
the planes of consecutive units are parallel to each other and to the orientation 
axis; furthermore, all bond lengths and angles are normal, the reduction in 
identity period being attained by straining the connecting links between con- 
secutive units out of the plane, so that the molecule forms a series of steps up and 
down as indicated diagrammatically in figure 2. This was, in fact, the molecule 
selected by Bunn as the initial basis for his calculations, but in order to satisfy 
his x-ray spot intensities he subsequently modified it considerably by introducing 
certain distortions in the bond lengths and angles and moving the methyl group 
out of the main plane of the isoprene unit. The atomic coordinates for one 
complete repeat unit of each structure are shown in tables 2 and 3, and their 
projections along three rectangular axes in figures 3 and 4. 

The problem then is to find the positions of the intensity maxima arising 
from a chain segment comprising ten to fifteen such units. In computing 
such a pattern we have to take into account two factors: the form of the individual 
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Figure 2. Rubber molecule—diagrammatic. 
A. Projection in plane of double bandas. B. Projection perpendicular to double bonds- 


Table 2. Atomic coordinates (A), for Bunn’s molecule—Single repeat unit 


(a) As given by Bunn, Proc. Roy. Soc. A, 1942, 180, 56. Left-handed “up” 
molecule. Referred to crystallographic axes a=12-46, b=8-89, c=8-10a., 
y= 9) b= 92 

Cy Cy Cs Cy Cs Ce C, Cs Co Cro 

(CH,) (C) (CH) (CH;) (CHs) (CH:) (C) (CH) (CH:) (CHs) 


x, 0-753a 0:854a 0:845a 0:745a 0:968a 0:744a 0:644a 0:659a 0:757a 0:532a 
¥, 08996 0:8656 0:90556 0:959b 0-876b 00-8346 00-8746 0:9056 0:8346 0-828 6 
2 0:802c 0:703.¢ 0:542¢ 0457 ¢ 0°773'6) 0-326.c5 021550) 005272 0-02 58en 0 2638Kc 


ee 


(b) Referred to three orthogonal axes x, y, 2, and to C, as origin. y and z are 
parallel to 6 and c respectively. 


Cy Cy C; Cy Cs Ce C, Cs Cy Cro 


xe (0:000)" 1:25975 1-147 — 0-100 2-680) — 0-11 25 1-357 2-050 eo 
y 0-000 —0-303 O:052) > 0:5337—0:2055 = 0"5 77 —— 02225005355 0: Sia Osa 
z 0:000 —0-846 —2:145 —2-792° —0:328 —3-851 —4:703 —6-034 —6-702 —4-224 


Table 3. Atomic coordinates (A), for simple molecule having plane units 
and standard bond lengths and angles—Single repeat unit 


(a) Referred to orthogonal axes x, y, z, and to C, as origin. 


G ©; Cree C he, CG c fase Cs Cy 
(CH) (@) Gis) (ish) (Cisse) (leh) (CH (CH:)  (CH;) 
x 0 1:26 1-26 0 2-51-04: 2429" = 1-99 ee Oana 
y 0 0 0 0 0 24227 1-20 * Se at eee 
z 0 0:89: 292.920= 31000) #052 249499 26-07 7 ten eos 


(6) Referred to axes x, y, 3 as above, and to the midpoint of C,—C, as origin. 
Cy Cy Cy Cy Cs Ce C, Ce Cy yo 


x —0:02 1:24 1-24 —0-02 2:49 0:02 1-24 = 124: 0:02 = 2-50 
y 0-61 0-61 0-61 0-61 0-61 —0-61 —0-61 —0-61 —0-61 —0-61 
z Sa LOY) 1:36 0-47 0:58 —0-47 —1-36 —2:69 —3-58 —0-47 


ee eee 


Molecular structure in stretched natural rubber oF 
unit, and the existence of a number of such units along the segment forming 
effectively a line diffraction grating with a definite identity period. It is only 
at those positions where both conditions are favourable that maxima can occur. 
The line grating alone would give rise to maxima along regularly spaced lines 
perpendicular to its own length, while the individual unit would give a more 


(a) yz projection. (b) xz projection. (c) xy projection. 


Figure 3. Rubber molecule proposed by Bunn. Projections along three orthogonal axes 
of one left-handed “ up ”’ molecule (Bunn’s nomenclature); 2 axis in direction of extension. 


(a) yz projection. (6) xz projection. (c) xy projection. 


Figure 4. Suggested rubber molecule with planar isoprene units and standard bond lengths and 
angles. Projections along three orthogonal axes : axis in direction of extension. 


complex two-dimensional pattern. Consequently, in the computations which 
follow, the method adopted has been to select the lines along which the identity 
period permits maxima to occur and to examine the intensity variations which 
the atomic arrangement in the single unit gives rise to along these lines. In 
other words, the calculations are made as for a single unit, but the repetition 
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of this unit along the molecular segment introduces a geometrical regularity 
which limits the regions over which the resulting pattern need be considered. 

Since the molecular segment is non-planar, it is no longer possible to construct 
a single two-dimensional intensity contour map adaptable to any crystal orienta- 
tion by simple linear transformation of the axial lengths as was done in the case 
of anthracene; instead, each orientation requires a separate contour diagram. 
However, the only diffuse-zone patterns considered in this work were taken 
with the plane of the rubber film effectively perpendicular to the electron beam, 
and the arc patterns, figures 1 (a) and 1 (4), indicate a strongly preferred orientation 
with the ac crystallographic plane lying in this plane. Consequently we are 
principally concerned with this one orientation for which the x and z axes of 
atomic coordinates (which are in the ac plane), figures 3 and 4, are perpendicular 
to the electron beam and the y axis is parallel to it. In computing the anticipated 
intensity distribution for this orientation it is only necessary, as will be shown 
below, to take into account the x and zg atomic coordinates of the molecule. 
More generally, for other orientations, the diffraction pattern can be considered 
as practically that which would be obtained from the projection of the molecule 
in the plane perpendicular to the electron beam. : 

The (010) orientation in the film plane is not quite perfect; thus the appear- 
ance of certain spots of the general (hkl) type in the pattern taken with the film 
perpendicular to the beam (table 1) indicates 
a partial rotation about the c axis. In ad- AY 
dition, the c axis itself shows some angular de- 
viation from its mean position within the ac 
plane as is indicated by the drawing out of all 
spots into arcs of about {0° angular range, and 
it seems likely that it will similarly suffer some 
angular deviation in the plane perpendicular 
tothis. ‘The most probable situation is some- 
thing approaching a Gaussian distribution of ° 
orientation with its maximum frequency in the ‘ 
(010) orientation, and such a state of affairs | 
would be expected to result in some broaden- 


ing of the intensity maxima, but should not a 

give rise to any peaks not anticipated for the Lon 
preferred orientation. If the angular spread (al 
of direction of the b axis is similar to that ex- 1 | 


hibited by the ¢ axis in the (010) plane the 
broadening will not be appreciable since an | 
angular deviation of + 5° about an axis normal 
to the electron beam produces little change in 
the projection of the molecule normal to the 
beam. In what follows, therefore, the pattern 
has been computed for the single orientation 
with the wz plane normal to the electron beam. 
The calculation of intensities is based on 
the following argument (see figure 5):— 
Suppose the amplitude of the wave 
diffracted by any atom p in a direction S’ 


Figure 5. Illustration for derivation of 
intensity relationship. 
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from a wave incident in a direction S to be £, (where S and S’ are unit vectors). 
The intensity of the wave resulting from a group of such atoms is obtained by 
adding the amplitudes of the constituent diffracted waves, having due regard 
to their phases, and squaring the result. 

Thus the resultant intensity is given by the expression 


{ZE,, cos (2nd,/A)}2 + {BE, sin (2nd, /d)}, 
p p 


where d, is the path difference between the wavelet scattered from p and from 
an arbitrary origin, and A is the wavelength of the radiation considered. 

Tor an atom whose position relative to the origin is given by the vector vu, 
we have 


feos —S) 
an (x, FY5 +p) . (S’ os S) 


<(x,+2,).(S’ —S) since y, .(S’—S) = 0 
for small ¢. 
If the directions S’ and S strike the photographic plate in points X, Z and 0, 0 
referred to axes in the plate we have 


S’=(X+Z+4+ L)/VX?+Z24+ L? where L is the camera length 
=(X+Z4 L)/L since 6<2° 


and S=LjL 
so that (S’ —S)=(X4+Z)/L. 


Hence, the expression for the intensity becomes 


(SE, cos [(2n]A (Xp + 2p) «(X + Z)/L]}? + (VE, sin [(2n/A)(2p+ zp) -(X+Z)/L]P 
Dp p 
={ZE, cos [(2]AL)(x,X + 2)Z))}?+{ZEp sin [(2a/ALampX +z pZ)P2 vvseee (1) 
p p 


when X and Z are taken parallel respectively to x and z, and the axes are rect- 
angular. 

The amplitude 2, of the wave diffracted from an individual atom depends 
on the scattering power of the atom and on the angle of scattering, the latter 
relationship resulting in a falling off in intensity from the centre towards the outer 
parts of the pattern. With regard to the scattering power of the atoms concerned, 
the hydrogen atoms have been neglected as separate scattering entities, but have 
been regarded as adding a little to the effective weight of the carbon atom to which 
they are attached; thus the scattering factors of the C, CH, CH, and CH; groups 
have been taken in the ratio 6:7:8:9, which assumption was also made byBunn 
in determining his atomic coordinates. 

In computing intensities the following standard conditions have been taken : 
the factor AL has been taken as 2:75 a.cm. (for direct comparison with an experi- 
mental pattern the dimensions of the computed pattern have been reduced in 
the ratio L(observed)/2-75), and the origin of coordinates has been taken as 
coinciding with the carbon atom C, (figures 3 and 4). Atomic coordinates have 
been measured in Angstrom units, and coordinates on the photographic plate in 
centimetres. 
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Thus, substituting for the various known or assumed values, the expression 
used in the computations of intensity at any point X, Z of the photographic plate 
becomes, for the Bunn molecule, 


( 8cos[(360/2:75( 0 - 0 JI)? 
—~ 6 cos {(360/2-75)( 1-259. X —0:846 Z)] 
~7 cos [(360/2°75\( 1-147 X —2-145 Z)] | 
—~ 8 cos [(360/2-75)( — 0-100 X — 2-792 Z)] 

. —9 cos [(360/2-75)(_ 2-680.X — 0-328 Z)] | 
— 8 cos [(360/2-75)(—0-112 X — 3-851 Z)] 
— 6 cos [(360/2-75)( — 1-357 X — 4-703 Z)] 
~7 cos [(360/2-75)( — 1:172.X — 6-034 Z)] | 
~8 cos [(360/2-75)(  0:050.X — 6-702 Z)] 

L —9 cos [(360/2-75)( — 2-755 X — 4-224 Z)]J 


(. Ssin[(360/2-75) 0.) = semi 

| —6sin[(360/2-75)( 1:259X —0-846 Z)] 

~7 sin [(360/2:75)( 1-147 X — 2-145 Z)] 

—8 sin [(360/2-75)( —0-100.X — 2-792 Z)] 

44 —9 sin [(360/2:75)( 2-680 X — 0-328 Z)] { . 2) 
~8 sin [(360/2-75)( =0- 112% =3-8512 i? ee 

— 6 sin [(360/2-75)( — 1-357 X — 4-703 Z)] 

—7 sin [(360/2:75)(— 1-172 X — 6-034 Z)] 

—8 sin [(360/2:75)( 0-050.X — 6-702 Z)] 

| —9 sin [(360/2-75)( —2-755.X — 4-224 Z)]J 


and for the second, less distorted, molecule, a similar expression holds but with 
the appropriate atomic coordinates substituted for the Bunn coordinates. 

With an identity period of 8-1 a. and with AL =2-75 the “‘layer-line” separation 
is 2:75/8-1 cm.; in other words the lines near which our preliminary assumptions 
permit intensity maxima to occur have Z values (taken to the nearest } mm.) 
of 0, 0:35, 0:7, 1-05, 1-35, 1-7, 2-05, 2:4, 2-75 etc. cm. Inspection of the photo- 
graphs, however, suggests that the most pronounced maxima lie on the even- 
order layer lines (as might be expected from the similarity in form of the two halves 
of the molecule) and consequently the computations have been confined to those 
lines. ‘They were carried out in general at 2 mm. intervals along these lines 
except in a few cases where intermediate values were obtained. Angles in the 
structure-factor expression were taken to the nearest degree. 

The molecule has four possible orientations in the film, for the conditions 
governing its orientation are that the ¢ axis direction (z axis of coordinates) 
shall lie in the direction of extension, and that the plane of the isoprene units 
(xz projection) shall be parallel to the plane of the film. From figures 3 (a) and 
4 (a), which show the appropriate projection, these conditions are seen still to be 
fulfilled if the whole molecule is rotated through 180° about the x or g axis or both. 
Taking the axes of coordinates as fixed in relation to the film this is equivalent to 
changing the sign of either the x or z coordinates, or both. Now it is reasonable 
to suppose that any section of the film impinged on by the electron beam will 
include equal numbers of molecules in all the possible orientations; con- 
sequently in computing it is necessary to consider the intensities arising from 
each of these orientations, the resulting intensity at any point being the sum 
of that due to the separate constituents taking into account the basic assumption 
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of no phase relationship between adjacent molecules. In fact it is only necessary 
to consider two of the orientations because, owing to the squares, the expression 
(1) for the intensity arising from a single molecular unit is not affected when the 
signs of both the atomic coordinates are reversed. It is also only necessary to 
consider one quadrant of the pattern because the effect on the expression (1) 
of reversing the sign of either X or Z is precisely the same as that of reversing the 
sign of the corresponding atomic coordinates. In the case of the undistorted 
molecule the atomic configuration shows some degree of symmetry which is 
best seen from table 2 (6) in which the origin of coordinates has been moved to 
the midpoint of the repeat unit. ‘This introduces a further simplification to the 
computations, for the two orientations x, z and x, — z now give identical intensity 
distributions as long as we confine ourselves to the layer lines; for, provided that 
the ten atoms of the repeat unit are regarded as repeating indefinitely (which is 
what confining our attention to the layer lines implies), a change from the x, z 
to the x, —z orientation merely implies a change of origin from the point C, to 
the point C, (table 3), which cannot have any effect on the computed pattern 
since the choice of origin is purely arbitrary. ‘Therefore for the undistorted model 
calculations were carried out for the x, z orientation only, and the values were 
multiplied by two to compare with the summed intensities for the two orientations 
of the Bunn molecule. 


S55 COMPARISON OF COMPUTED, PATTERNS, WITH 
OBSERVE DE PA DASE Ro 

The computed intensity distributions along the zero, 2nd, 6th, 8th, 10th 
and 12th layer lines are shown in figures 6 (a)-(f). The fourth layer line has 
been omitted as it showed no pronounced maxima. An attempt has been made 
to construct the patterns which would be anticipated from the positions of these 
maxima, and the results are shown in figures 7 (a) and 7 (6), together with a trace 
taken from an experimental pattern, figure 7 (c). In constructing these patterns 
it has been assumed that the visible breadth of the diffraction maxima corresponds 
to the half-maximum breadth of the intensity peak, and that the imperfections 
of molecular orientation are of the order indicated by the extent of the arcs in 
the Laue spot pattern, so that the whole pattern suffers an angular spread of 
about 9°. The length of the molecular segment considered has been taken as 
sufficient to limit the layer lines to true lines, the apparent breadth of the diffuse 
zones in the c axis direction arising solely from the small rotation referred to 
above. 

The similarity in form between the computed and experimental patterns 
is readily apparent and gives ample support to the fundamental theory on which 
the calculations are based; that is, we are justified in assuming that the observed 
diffuse-zone pattern arises from molecules which are oriented much as in the 
crystal but behave as entirely independent groups of scattering centres. In 
other words, the pattern is characteristic of what would be expected from a group 
of oriented molecules in a pseudo-gaseous phase. 

A close inspection of the curves (figures 6 (a)-(f)) reveals significant differences 
between the intensity distributions from the two models. ‘The most striking 
difference is along the eighth layer line where the two curves of figure 6 (d) show 
entirely different characteristics, the Bunn model giving rise to three weak peaks 
at roughly 0:5, 1-5 and 2:5 cm. from the centre, while the undistorted model 
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(a) Zero Order Z =O (b) 2° Order Z =0:7 . | 
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(f)12** Order Z=4-05 
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Figure 6. Computed intensities along layer lines for the two atomic configurations investigated. 


—-— Model with planar units and standard bond lengths and angles. 
— —-——-— Model due to C. W. Bunn. 


gives a central strong peak, and a second of about the same intensity at 2-2 cm. 
Comparison with figure 1(c), and with the traced experimental pattern, © 
figure 7 (c), shows that the undistorted model is in far better agreement with 
experiment in this region; in fact, along this line the agreement is exact within 
the technical limitations of the patterns. The next characteristic difference 


Scale + =Icm. 


(a) Computed pattern for model (6) Computed pattern for (c) Observed pattern (traced 
due to Bunn. model with planar units from figure 1 (¢)). 
and = standard bond 
lengths and angles. 


Iigure 7. Computed and observed diffuse zone patterns. 


Molecular structure in stretched natural rubber 19: 
between the two models is that the undistorted form gives sharper peaks; thus 
on the tenth and twelfth layer lines the Bunn model shows no pronounced peaks, 
but only certain wide zones of slightly increased intensity, while the undistorted 
model and the experimental pattern both show well defined peaks along these 
lines. ‘The experimental data and undistorted model pattern are again in fairly 
good agreement in relation to peaks at 2:2 and 1-1 cm. on the tenth and twelfth 
orders respectively; these could well coalesce and give rise to the extended zone 
BB’ (figure 7 (b)), though the position of this observed zone is not quite what 
would be expected from the computed intensities. The error is probably not 
serious since the observed pattern is very faint and of poor definition in these 
outer regions, and the computed intensity maxima here are highly sensitive 
to small changes in the atomic coordinates owing to the large values of their co- 
efficients. Along the zero and sixth order layer lines the two computed patterns 
are in good agreement with one another and with observation. On the second 
order line they differ again slightly, the undistorted model still giving more 
definite peaks though, while the peak at 1 cm. accords well with observation, the 
moderate peak to be expeécted-at 3-2 cm. is absent from the experimental pattern. 

It would thus appear that while both the molecular models investigated give 
rise to patterns agreeing in their broad general characteristics with those actually 
observed in the diffuse-zone electron-diffraction pattern, a more detailed examina- 
tion shows that the computed intensity curves from the undistorted model are 
in much closer agreement with the facts than is the case with Bunn’s model. 
This agreement is in fact remarkably good, the only discrepancy being the absence 
from the experimental pattern of a peak to be expected, in the case of the un- 
distorted model, on the second order layer line at 3-2 cm. In particular, the 
undistorted model gives much the better agreement along the eighth order 
layer line, where the most sharply defined zones in the experimental pattern occur, 
and where Bunn’s model gives an intensity distribution which is entirely at variance 
with observation. 


§6. CONCLUSIONS 


Although there are still some minor discrepancies to be resolved, the 
appearance of the diffuse-zone electron-diffraction pattern arising from thin films 
of stretched natural rubber is adequately explained on the basis of the thermal 
oscillations of the long-chain rubber molecules in the crystalline regions, this 
pattern being analogous with that which would be given by a stream of oriented 
molecules in a pseudo-gaseous condition. As Charlesby, Finch and Wilman 
(1939) pointed out the diffuse-zone pattern has distinct advantages in the 
examination of complex molecules, since it gives a direct indication of the con- 
figuration of the molecule independent of its mode of fitting into any particular 
crystalline lattice. In spite of the diffuseness of the patterns with which we are 
dealing a study of the diffuse zone or molecular pattern has shown that it is possible 
to discriminate decisively between two postulated atomic configurations which 
do not differ greatly. 

In the case of natural rubber, neither of the two configurations investigated 
agrees in every respect with experiment, but the evidence brought forward above 
supports the view that the atomic arrangement in the stretched rubber molecule 
approximates to a simple form having planar units and standard bond lengths 
and angles, rather than to the more complex form hitherto considered. 
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Electronics and their Application in Industry and Research, edited by BERNARD 
Lovett. Pp. xvit+660. (London: The Pilot Press Ltd., 1947.) 42s. net. 


It is becoming trite to say that during the war the science of electronics developed at a 
phenomenal pace. Apparatus which, in 1939, was found only in the communications 
research laboratory, developed almost out of recognition to lead to the growth of an extensive 
industry concerned with the production of electromagnetic waves in the centimetre band, 
with the use of infra-red waves, and with the electronic control and measurement of 
industrial and medical processes. Here, indeed, is an example of the enormous rewards 
which accompany the devotion of the energy of great teams of scientists, and the coordination 
of work between Universities, Government laboratories, and technical industry to the theory, 
design and production of apparatus based on principles which previously were thoroughly 
understood and used only in the laboratory and by comparatively few workers. It is, 
however, remarkable that nearly all these advances have not been fundamental in nature, but 
technical in that they have been concerned with the practical application of electronic 
principles which had already been enunciated. It is those pre-war pioneers, mostly working 
in University laboratories, who gradually introduced order and logic to the understanding of 
the extraordinary versatility of the free electron in a gas at low pressure, to whom this 
remarkably interesting and informative book should be dedicated. 

In a generous allowance of 660 pages there is described here, for the first time in a 
technical book, an advanced account of those aspects of electronics which developed apace 
during the war. Written by fourteen experts, the book provides a useful introduction to the 
theory and practice of the most recent developments in electronic apparatus. Each section 
is accompanied by an excellent bibliography, detailing the most important relevant papers so 
that the student can follow up the introduction to that aspect of modern electronics in which 
he is interested, and gain a reasonably complete knowledge of a particular field. 

After an interesting introduction by the editor, Dr. Bernard Lovell, there follows an 
account of electron physics written by Dr. F. A. Vick. Though evincing that the author has 
a complete grasp of his subject, yet this section is inevitably condensed to such an extent that 
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the reader, unless he has already studied the subject in considerable detail, would fail to 
follow the arguments. It also seems unfortunate that this chapter is somewhat divorced 
from the rest of the book in that, once the basic electron emission equations have been 
established, they are not referred to again by any of the other authors: the standard of 
knowledge of modern physics demanded to appreciate Dr. Vick’s contribution is much more 
advanced than that needed in any subsequent chapter. Indeed, a major criticism of this 
book is that there has been too little collaboration between the various authors so that there 
is no development of the subject as a whole as the book progresses. In view of the wide and 
varied nature of the complete text, this is to be expected to some extent, but one feels that 
closer links could have been established between the various sections, adding greatly to the 
book’s value to the advanced student in giving a consistent picture of the development of 
modern electronic devices. 

Photo-cells and television pick-up tubes are covered in two sections by authors from the 
research laboratories of Electric & Musical Industries Ltd., where most of the development 
work on iconoscopes and orthicons has taken place in this country. Drs. Lubszynski and 
McGee give competent accounts of their respective subjects, the section on television 
transmitting tubes being particularly valuable in that, for the first time in a technical book, 
the principles and practice involved have been properly described. 

Dr. A. Elliott has contributed a fascinating chapter on photo-cells used in the infra-red 
which should prove of great value to those research workers who wish to use the highly 
sensitive devices developed during the war to establish secret signalling methods and to 
detect hot body radiation, and harness them for the study of the infra-red as used in spectro- 
scopic analysis, astronomy, hygrometry and gas analysis. 

The modern multi-segment magnetron, and the klystron tubes are described by Dr. F. C. 
Thompson in a chapter “ Thermionic Valves for Very High Frequencies’’. It seems a 
pity that the excellent account given of the action of these tubes could not be accompanied 
by extra matter dealing with their use in u.h.f. circuits, particularly since there is such 
scanty literature available on this subject. The same lack of circuitry is evident in a long 
section of the book devoted to Radar, written by Dr. R. A. Smith, though this omission is 
more than compensated by the interest which Dr. Smith stimulates in describing apparatus 
which, originally used for the investigation of the ionosphere, ultimately led to that extra- 
ordinary ‘‘ box ” which enables an observer in a ship or aircraft to obtain a fairly detailed 
picture on a cathode-ray tube screen of territory hidden by darkness or cloud. 

The use of cold cathode valves for the control of industrial apparatus of certain types is 
described by Mr. I. Atkinson of Ferranti Ltd. Mr. H. Wood, from the same firm, contri- 
butes an up-to-date and valuable account of high frequency heating, and also describes an 
electronic apparatus for measuring moisture content. 

Those highly ingenious devices which became known during the war as servo-mechanisms 
are the subject of a 50-page article by Mr. F. H. Belsey of Metropolitan-Vickers Ltd. 
Though difficult reading, this chapter is perhaps the best written section of the book ; it 
deals with a complex subject in a logical and mathematical manner leading to a description of 
the types of gear employed. 

In medical science, the applications of electronics are becoming increasingly numerous. 
Two chapters, “ Electronics in Medicine ’’, and “ Electronics in Physiology **, are contri- 
buted by Drs. Grimmett and Pumphrey respectively. ‘The betatron, source of high-energy 
particles, is the subject of a special section by Dr. J. D. Cragegs, who gives a theoretical and. 
practical account of its development and use which clears up many misunderstandings and 
difficulties. 

Finally, Dr. V. E. Cosslett, who is well-known for his research work and book on 
electron-optics, has written an excellent 100 page description of electron microscopy and 
electron diffraction. ; 

This book, despite its size and the range of principles and. techniques it describes, is 
singularly free from error ; a tribute to the erudition of the various authors, to the editor, 
and to the excellence of the publisher’s work. Unfortunately, as in nearly all technical books, 
the reader is occasionally obliged in one or two chapters to read the ill-constructed sentences 
of men who have devoted their lives to becoming technical experts. More than 400 excellent 
diagrams and photographs illustrate the text. It isa volume that every individual seriously 
interested in electronics should have on his bookshelf. J. YARWOOD 
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New Developments in Ferromagnetic Materials, by J. L. SNoEK. Pp. viii+ 136. 
(Amsterdam: Elsevier, 1947. Distributors for British Empire, Cleaver- 
Hume Press, London.) 13s. 6d. 


The physical and mental frustration during five years of foreign occupation, with an 
“ ever-erowing burden of oppression and starvation ’’ might well have dulled the urge to 
scientific enquiry in the Netherlands. That it did not do so is abundantly clear from this 
monograph, one of an extensive series on the progress of research in Holland during the war. 
The work of the author, a distinguished member of the Philips research group, on magnetic 
materials and much besides, was widely known and appreciated before the war ; as was also 
his genial personality, which is reflected both in the general outlook conveyed by this book, 
and in the incidental and unobtrusive humour of word or phrase. The work here described 
is primarily that of the author and his associates at the Philips Laboratories between 1940 
and 1945, but in the three main sections of the book the general background is sketched in 
sufficiently to indicate the setting of the various special investigations. 

The first section, dealing with a number of themes under the general heading of the 
statics of ferromagnetism, includes an account of an experimental survey, by a comparatively 
rapid approximate method, of the crystal anisotropy and magnetostriction of binary and 
ternary alloys. A high initial permeability is associated with low values of these quantities, 
but even in those binary alloys for which zero values of each occur in a single phase range the 
zeros are unlikely to coincide at a particular composition. For a ternary alloy zero points 
become zero lines, and even a rough determination of the course of these lines shows 
whether unusually high permeability characteristics are likely for any composition. In the 
Fe-Si-Al system, for example, an intersection is indicated in the region where a maximum 
permeability had been found earlier by purely empirical methods. Although in the systems 
so far studied such intersections are infrequent, the investigation, which is still proceeding, 
has provided much valuable information. 

Under the dynamics of ferromagnetism there is a discussion of eddy current effects, and 
of various after effects, tentatively classified as thermic, ionic and electronic. One long 
standing puzzle has been solved in that an entirely satisfying explanation, verified by 
experiment, is given of the often reported obseivations apparently showing that the initial 
magnetization curve crosses over the ascending branch of the hysteresis curve. The effect 
is a spurious one which may arise jointly from eddy current and demagnetization effects 
(it does not occur for ring specimens) to an extent depending on the rapidity with which the 
field is changed and the magnitude of the steps. 

The more technical section of the book, on new materials, is mainly devoted to the 
extensive work which has been carried out on the cubic ferrites. A number of these 
ferrites, of the general formula MO . Fe,O3, form mixed crystals, and four types of mixed 
ferrites have been developed, under the trade name “ ferroxcube”’, as core materials 
suitable for high frequencies. |The essential characteristic is a low conductivity combined, 
for certain mixtures, with a high initial permeability. For a mixed nickel-zinc ferrite, for 
example, a permeability of 4000 has been obtained. A particular point of interest here is that 
an enhanced permeability results from the addition to nickel ferrite of zinc ferrite, which is 
not itself ferromagnetic. Its effect is to lower the Curie point, so bringing the temperature 
region of high permeability into the working temperature range. 

These few examples of the many topics touched on in this book must serve to illustrate 
its character and content. It is an informal account partly of completed work, and partly 
of work still in progress and of hypotheses which are being followedup. It should be 
in the hands of all those interested in ferromagnetism, by whom it will be valued both as a 
record of achievement under great difficulties, and for its stimulating presentation of new 
ideas. E..Cuss 
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